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The  static  and  dynamic  behavior  of  a  simple  gas  is  studied  both 
experimentally  (via  inelastic  neutron  scattering)  and  theoretically. 
Measurement  of  the  static  structure  factor,  S(Q),  at  low  densities  is 
discussed  as  a  means  for  providing  details  concerning  three-body 
forces.   An  analysis  of  the  density  expansion  of  the  static  structure 
factor  reveals  S(Q)  to  be  insensitive  to  higher-order  terms,  i.e., 
S2(Q)  and  S  (Q) ,  beyond  the  first  Deak  in  S(Q)  (Q  >  1.5  8_J  for 
xenon).   Also,  S„(Q)  is  found  to  be  most  sensitive  to  three-body 
forces  in  the  region  Q  ^  1.0  A   .   The  comparison  of  the  virial  ex- 
pansion (assuming  pairwise  additivity  and  the  Barker  pair  potential 
for  xenon)  with  experimental  measurements  of  S(Q)  for  low  density 
xenon  gas  tentatively  suggests  that  Barker's  pair  potential  for 
xenon  may  be  somewhat  erroneous.   The  inclusion  of  three-body  forces 
(e.g.,  the  Axilrod-Teller  dispersion  potential)  reduces  the  dis- 
crepancy between  theory  and  experiment,  particularly  at  the  lower 
densities.   These  results  suggest  that  a  combination  of  uncertainty 


in  both  the  pair  and  three-body  potentials  contributes  Lo  the 
difference  between  the  theoretical  calculations  and  what  is  ob- 
served experimentally. 

A  similar  study  of  the  dynamic  structure  factor  is  proposed 
as  a  test  of  linear  kinetic  theory.   The  analysis  of  the  time-of- 
flight  data  is  performed  using  the  N  =  6  Gross-Jackson  kinetic 
model  for  a  hard  core  fluid.   A  comparison  of  this  model  (assuming 
(i)  hard  spheres,  and  (ii)  hard  cores  having  attractive  forces) 
with  experiment  indicates  clearly  that  hard  spheres  are  not  an 
adequate  model  for  xenon  at  the  state  conditions  studied.   The 
agreement  between  experiment  and  the  theory  for  attractive  spheres 
is  quite  good,  and  we  therefore  conclude  that  the  effect  of  the 
attractive  part  of  the  xenon  potential  is  significant  in  represent- 
ing the  collisional  narrowing  of  S(Q,uj). 

The  spectrometer  is  demonstrated  to  be  unstable,  and  it  is  for 

this  reason  that  no  definite  conclusions  concerning  the  isothermal 

,   .   ..      3S(Q)    .  3S(Q,oj) 
pressure  derivatives,  — r—  and  r~ — ,  can  be  made.   However,  a  Con- 
or         or 

siderable  amount  of  structure  is  observed  for  these  quantities,  in- 
dicating that  neutron  scattering  provides  a  sensitive  probe  into  the 
structure  and  dynamics  of  dilute,  simple  gases. 


CHAPTER  1 
DENSITY  CORRELATIONS  IN  EQUILIBRIUM  FLUIDS:  DEFINITIONS  AND  CONCEPTS 

1.1   Introduction 

The  design  engineer  is  continually  faced  with  situations  in  which 
the  data  he  needs  are  not  available,  particularly  at  the  system  state 
conditions  of  interest.   He  must  then  resort  to  techniques  for  esti- 
mating their  value.   Many  of  these  techniques  are  empirical  or  semi- 
empirical  in  nature.   Considerable  progress  has  been  made  towards 
replacing  existing  empirical  and  semi-empirical  techniques  with  a 
unified  statistical  mechanical  theory  in  which  all  the  physical  prop- 
erties of  a  given  substance  or  mixture  are  related  to  a  single  inter- 
molecular  pair  potential  (and  perhaps  a  three-body  potential).   Ad- 
vances made  in  the  last  40-50  years  include  the  following:   the 
detailed  understanding  of  ideal  gases  leading  to  the  JANAF  (1)  and 
Rossini  (2)  property  tabulations,  which  are  useful  for  computing  heat 
capacities,  equilibrium  constants,  and  the  like;  the  development  of 
the  virial  equation  of  state  (3) ,  now  widely  used  in  vapor-liquid 
equilibrium  calculations;  the  corresponding  states  theory  and  the 
extensions  by  Pitzer  and  others  (4) ;  and  the  more  recent  theories  of 
liquid  solutions,  including  conformal  solution  theory  (5)  and  per- 
turbation theories  (6),  which  are  now  finding  applications  in  chemical 
engineering. 

Two-point  correlation  functions  are  fundamental  to  the  develop- 
ment of  sound  theories  for  the  prediction  of  physical  property  data: 


by  knowing  the  pair  correlation  function,  g(r) ,  and  specifying  the 
intermolecular  potential,  all  the  thermodynamic  properties  can  be 
readily  calculated  from  first  principles.   Moreover,  Green  (7)  has 
shown  that  two-time  correlation  functions  are  fundamental  to  the 
theory  of  transport  processes.   Two-point  correlation  functions  pre- 
sent an  immensely  detailed  picture  of  fluids,  in  addition  to  pro- 
viding information  on  bulk  thermodynamic  and  transport  properties. 
For  example,  the  pair  correlation  function  of  a  fluid  yields  not  only 
the  thermodynamic  properties,  but  also  a  semimicroscopic  view  of  the 
pairwise  distribution  of  molecules  in  space.   More  generally,  the 
time-dependent  density-density  correlation  function  provides  the 
transport  properties  and  dynamical  modes  of  the  system  in  addition  to 
the  information  contained  in  the  static  pair  correlation  function. 
Furthermore,  there  is  direct  and  precise  experimental  accessibility 
to  these  functions  through  radiation  scattering.   This  combination  of 
theoretical  information  and  ease  of  measurement  has  given  these  two- 
point  functions  a  prominent  role  in  the  study  of  fluids. 

For  similar  reasons  the  corresponding  multipoint  correlation 
functions  present  an  even  more  penetrating  view  into  the  behavior  of 
macroscopic  systems.   Higher-order  correlation  functions,  while  im- 
portant in  the  modeling  of  two-point  correlation  functions,  also 
appear  explicitly  in  the  description  of  a  variety  of  problems  in- 
cluding nonlinear  response  theory  (8),  perturbation  theory  for  two- 
time  correlation  functions  (9),  multiple  scattering  of  light  and 
neutrons,  and  in  radiation  scattering  from  nonequilibrium  systems. 

Neutron  scattering  experiments  provide  a  particularly  useful 
method  for  the  investigation  of  correlations  in  fluids.   Previous 


neutron  scattering  experiments  have  been  concerned  primarily  with  the 
analysis  of  liquids,  for  which  the  scattering  cross  section  is  rela- 
tively large.   With  the  recent  development  of  high  flux  neutron  sources 
it  is  now  possible  to  obtain  precise  neutron  scattering  data  for  dilute 
and  moderately  dense  gases.   This  thesis  will  be  concerned  with  experi- 
mental neutron  scattering  studies  on  gaseous  xenon  and  a  theoretical 
analysis  of  the  associated  static  and  dynamic  correlation  functions  in 
simple  gases.   Measurement  of  the  static  pair  correlation  function  at 
low  densities  is  discussed  as  a  means  to  detect  the  presence  and  form 
of  three-body  forces.   Similar  studies  of  the  time-dependent  pair  corre- 
lation function  are  proposed  as  a  test  of  linear  kinetic  theory.   Few 
studies  of  higher-order  correlation  functions  (static  or  time-dependent) 
have  been  made,  partly  because  of  the  difficulty  of  their  direct  experi- 
mental measurement.   However,  it  is  known  (10)  that  the  pressure  deriva- 
tive of  the  static  pair  correlation  function  is  related  to  the  three- 
point  correlation  function,  so  that  careful  isothermal  measurements  of 
the  pair  function  over  a  pressure  interval  would  provide  indirect  in- 
formation regarding  the  triplet  function.   Recently,  Egelstaff,  Gray, 
and  Gubbins  (11)  have  pointed  out  a  similar  relationship  between  the 
isothermal  pressure  derivative  of  the  time-dependent  pair  correlation 
function  and  the  corresponding  triplet  function.   In  this  context,  the 
low  density  forms  of  the  static  and  time-dependent  three-point  functions 
are  discussed. 

In  Chapter  2  the  problem  of  obtaining  information  on  the  inter- 
molecular  forces  from  experimental  data  on  the  static  structure  factor, 
S(Q),  for  a  low  density  gas  is  considered.   The  structure  factor  is 
related  to  the  static  pair  correlation  function  through 


S(Q)  =  1  f  p  I  d?  e  iQ'r  [g(r)  -  1]  ,  (1-D 


where  p  is  the  macroscopic  number  density  (N/V) .   The  density  expansion 
for  S(Q), 

S(Q)  =  1  +  PS1(Q)  +  p2S2(Q)  +  ...  ,  (1-2) 

is  obtained  from  the  corresponding  expansion  of  g(r),  and  the  explicit 
dependence  of  S~(Q)  on  the  two-  and  three-body  potentials  is  given. 
Calculations  of  g(r)  and  S(Q)  are  performed  using  the  Barker  pair  poten- 
tial (12)  for  krypton  and  xenon,  and  the  three-body  contribution  is 
modeled  using  the  Axilrod-Teller  (13)  dispersion  potential.   Comparison 
of  S(Q)  with  and  without  the  three-body  forces  is  used  to  indicate  the 
accuracy  required  to  measure  such  effects.   Also  given  in  this  chapter 
is  the  relationship  of  — ~—  to  the  static  three-point  correlation 

a  r 

function.   The  failure  of  simple  models  for  the  three-point  correlation 
function  in  describing  the  experimental  pressure  derivative  has  been 
shown  by  Egelstaff  e_t  al,  (14).   To  emphasize  the  difficulty  of  modeling 
the  three-point  function,  its  low  density  form  is  calculated  and  com- 
pared with  the  associated  Kirkwood  superposition  approximation. 

The  relationship  of  the  dynamic  structure  factor,  S(Q,u)),  to 
linear  kinetic  theory  is  given  in  Chapter  3.   The  dynamic  structure 
factor  is  the  Fourier  transformed  time-dependent  pair  correlation 
function,  G(r ; t) , 

+00 

SCQ.ui)  =  f  dt  eiut  f  d?  e"i(^'r  G(r;t).      (1-3) 


It  is  shown  that  G(r;t)  may  be  expressed  as 


G(r;t)  =  dp  *(p;r,t)  ,  (1-4) 

where  p  is  a  momentum  vector  and  tp(p;r,t)  is  the  solution  to  a  linear 
kinetic  equation 

[ff  +  £-  v]^  =  cm  .  (i-5) 

A  formal  expression  for  the  collision  operator,  C[*]5  is  obtained  and 

evaluated  at  low  density.   The  relationship  of  the  kinetic  formulation 

to  several  phenomenological  models  used  to  analyze  liquids  is  established, 

Also  discussed  in  this  chapter  is  the  pressure  derivative, '    ,  and 

v  i  '    3P   ' 

the  associated  time-dependent  three-point  correlation  function.   Such 
functions  may  also  be  determined  from  the  linear  kinetic  theory  of  two- 
point  correlation  functions,  and  the  low  density  form  of  the  time-depen- 
dent triplet  function  is  obtained.   A  simple  phenomenological  model  of 

equation  (1-5)  is  used  to  calculate   S(Q,lo),  and  from  it  -*£ — ,  thus 

illustrating  their  behavior  in  the  liquid  state  where  such  models  are 
applicable. 

Chapter  4  is  concerned  with  the  problem  of  solving  kinetic  equations 
such  as  equation  (1-5)  once  the  collision  operator,  G[«],  is  obtained. 
This  is  crucial  for  a  comparison  between  theory  and  experiment,  as  errors 
involved  in  the  theory  of  the  collision  operator  become  entangled  with 
errors  associated  with  solving  the  kinetic  equation.   Present  kinetic 
modeling  techniques  are  reviewed  along  with  their  limitations.   A 
principal  objective  of  Chapter  4  is  the  presentation  of  an  optimization 
of  kinetic  models  that  is  more  economical  in  terms  of  algebraic  com- 
plexity and  computer  time.   The  procedure  is  tested  on  the  Fokker-Planck 
and  Boltzmann-Enskog  kinetic  equations  where  favorable  agreement  with 
known  results  is  obtained. 


Finally,  Chapters  5  and  6  discuss  details  of  the  neutron  scattering 
experiment  performed  on  low  density  xenon  gas  at  the  Oak  Ridge  National 
Laboratory.   Chapter  5  discusses  features  of  the  experiment  peculiar  to 
the  High  Flux  Isotope  Reactor  (HFIR) ,  whereas  Chapter  6  contains  details 
of  the  data  analysis.   In  Chapter  7  the  theories  developed  in  Chapters  2, 
3,  and  4  are  compared  with  the  experimental  results. 

The  remainder  of  this  chapter  is  devoted  to  the  introduction  of 
basic  concepts  and  definitions  arising  in  the  study  of  the  microscopic 
behavior  of  equilibrium  systems.   In  particular,  local  microscopic 
properties  are  defined  and  the  density-density  time  correlation  function, 
G(r;t),  is  discussed  on  a  physical  basis.   The  connection  between  density 
correlations  and  radiation  scattering  experiments  is  then  made  in 
Section  1.3. 

1.2   Local  Properties  and  Fluid  Structure 

If  we  consider  a  volume  element,  dr,  where  dr  is  macroscopically 
small  but  contains  many  molecules,  it  is  then  possible  to  define  local 
microscopic  variables  associated  with  this  volume  element.   Consider  a 
local  variable  H(r;t),  where  H(r;t)  is  a  sum  of  arbitrary  single-particle 

functions,  h(x  .  ; t) , 

N 

H(r;t)  =  I     h(x  ;t)  .  (1-6) 

i=l    1 

+  ->  th 

Here,  x.  denotes  the  position  q.  and  momentum  p.  of  the  i    particle.   Of 
l  l  I 

special  interest  is  the  conditon  where  H(r;t)  is  the  local  number  density, 

p(r;t),  obtained  by  setting  h(x.;t)  =  6(r-q.(t)): 

N 

p(r;t)  =  I      <5(r-q.(t))  .  (1-7) 

i=l      X 


The  connection  between  the  local  microscopic  properties  and  the  corre- 
sponding macroscopic  quantities  is 

HQ  =  ™  |  dr  -■  II(r;t  =  o):   ,  (1-8) 

V 

where  H   is  the  macroscopic  property  and,  for  a  grand-canonical  ensemble, 
<  .  .  .>  is 

N   1   f  ,   ,  ,      ,    ~m* 


I     -W-    B  ^(o)  ...  dxNe     ....   (1-9) 


N>0  h3NN!  S 

In  equation  (1-9),  z(=  exp  (8u))  is  the  activity,  |j  is  the  chemical  po- 
tential, u    is  the  grand  partition  function,  H   is  the  system  total  energy, 
and  3  =  1/kT. 

Information  on  fluid  structure  can  be  obtained  by  considering  the 
correlation  between  local  number  densities.   A  convenient  measure  of 
this  correlation  is  the  density-density  time-correlation  function,  also 
referred  to  as  the  van  Hove  (15)  function,  G(r;t), 

G(r;t)=-~   <p(o;o)  p(r;t)>   ,  (1-10) 

where  p   is  the  macroscopic  number  density.   The  quantity  G(r;t)  measures 
the  extent  to  which  p(r;t)  is  affected  by  the  local  number  density  at  the 
origin,  p(o;o).   To  understand  the  concept  of  density  correlations,  con- 
sider a  molecule  at  the  origin  initially  and  pose  the  question  "Given  a 
molecule  at  the  origin,  how  can  this  molecule  affect  the  number  density 
at  a  position  r  from  the  origin  a  time  t  later?"   The  influence  this 
molecule  has  on  the  local  number  density  at  (r ; t)  is  achieved  in  one 
of  two  ways:   (1)  by  direct  diffusion  from  (o;o)  to  (r;t),  and  (2)  by 
perturbing  neighboring  molecules  about  (o;o)  through  the  intermolecular 
potential,  with  this  perturbation  spreading  to  (r;t).   These  two  effects 


can  be  separated  mathematically  with  the  substitution  of  equation  (1-7) 
for  the  local  number  densities  into  equation  (1-10)  for  G(r;t),  with 
the  result 

G(r;t)  =  Gg(r;t)  +  Gd(r;t)  ,        (1-11) 


where 


and 


G  (r;t)  =~-<l   I   6(o-q.(o))  6(r-q.(t)): 


P   u.    u.  1         'j 


(1-12) 


G  (r;t)  =-±.<H    6(o-q,(o))  6(r-q.(t))>  . 

Here,  G  (r;t)  represents  the  contribution  of  self  diffusion  to  G(r;t) 
and  is  referred  to  as  the  self  correlation  function;  G  (r;t),  called  the 
distinct  correlation  function,  is  that  part  of  G(r;t)  due  to  perturba- 
tion effects. 

Equation  (1-11)  is  related  to  the  static  pair  correlation  function 
by 

G(r;t=o)  =  S(r)  +pg(r)  (1-13) 

for  the  special  case  t=o,  where 

g(r)  =4  <£  £  6(?-q..(o))>   .  (1-14) 

P    ^      xi 

"*■ 

Here,  q  .  . (o)  is  the  separation  between  molecules  i  and  i, 

qii  <-°')  =  qi^0^  "  1-  (°^  ' 

From  the  previous  discussion  of  the  local  number  density,  it  is  apparent 
that  g(r)  is  the  ratio  of  the  local  number  density  at  a  distance  r  from 


a  central  molecule  to  the  macroscopic  number  density  p ,   and  is  a 
measure  of  the  time-average,  or  static,  microstructure  of  the  system. 

The  mean  number  of  molecules  observed  in  a  volume  dr  at  a  distance 
r  from  a  central  molecule  will  not  be,  in  general,  simply  p  lr,  because 
the  presence  of  this  central  molecule  itself  perturbs  its  immediate  en- 
vironment.  For  example  (16),  if  the  molecules  of  a  fluid  are  hard 

spheres  of  diameter  r  ,  then  no  other  molecules  would  be  found  at  dis- 
o 

tances  r<r  .   Or,  if  the  intermolecular  potential  is  of  the  Lennard- 
o  ' 

Jones  type,  there  would  be  a  tendency  for  other  molecules  to  accumulate 
at  a  distance  near  the  minimum  in  the  potential  well.   In  any  case,  at 
large  separations,  where  the  influence  of  the  central  molecule  is  negli- 
gible, the  mean  number  of  molecules,  p  dr,  would  be  approached.   Figure 
1-1  illustrates  these  qualitative  features  for  a  dilute  gas  at  some 
fixed  T  and  p.    The  general  time-dependent  case  is  shown  in  Figure  1-2. 

In  Figure  1-2,  the  time  t   is  a  relaxation  time  for  the  fluid  structure 

o 

(17). 

1.3   Connection  with  Experiment 

Since  G(r;t)  is  a  microscopic  property,  this  function  cannot  be  ob- 
tained by  direct   thermodynamic  measurements.   Fortunately,  G(r;t)  can 
be  deduced  from  radiation  scattering  experiments. 

Consider  an  incident  beam  of  radiation  on  an  atom,  as  shown  in 
Figure  1-3.   Quantum  mechanics  states  that  wave  properties,  as  well  as 
particle  properties,  can  be  assigned  to  the  radiation.   Specifically, 
there  is  a  wavelength,  A,  and  a  wave  vector,  k, 

(1-15) 

£  =  -£    . 


10 


^ 


(A) 


en 


(B) 


Figure  1-1.   The  relationship  between  the  pair  potential. 
4>(r),  and  g(r)  for  a  dilute  gas;  r  is  the 
distance  of  separation  between  two  atoms. 
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Figure  1-2.   Qualitative  behavior  of  the  self   (G  ) 

and  distinct  (G  ,)  time  correlation  func- 
tions for  various  times;  tq  is  a  relaxa- 
tion time  for  the  fluid  structure  (17). 
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Figure  1-3.   Incident  and  scattered  radiation. 
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associated  with  radiation.   The  scattering  of  radiation  by  matter 
will  involve  the  distribution  of  atomic  positions,  i.e.,  G(r;t),  if  the 
wavelength  of  the  radiation  is  on  the  order  of  the  magnitude  of  the 
interatomic  spacing.   If  a  beam  of  radiation  falls  on  a  sample  and  wave- 
lets scattered  by  different  atoms  have  similar  amplitudes  and  phases, 
then  the  scattering  waves  will  interfere  and  the  sample  acts  as  a 
diffraction  grating  (17).   In  this  case  the  distribution  of  scattered 
intensity  contains  information  on  the  distribution  of  atoms  in  the 
fluid.   Almost  any  kind  of  radiation  may  be  used  for  such  experiments  - 
electromagnetic  (X-ray,  light),  electron,  neutron,  etc.   Differences 
arise  due  to  the  differences  in  the  scattering  properties  of  single  atoms 
for  each  kind  of  radiation.   Table  1-1  (17)  shows  that  neutrons  have 
simpler  scattering  properties  (they  do  not  interact  with  the  electron 
cloud,  only  with  the  nucleus)  than  the  other  types  of  radiation,  since 
they  are  essentially  scattered  by  a  point  source. 

The  usefulness  of  a  given  type  of  radiation  depends  upon  its  wave- 
length and  energy  and  the  ease  with  which  these  quantities  can  be  deter- 
mined.  Table  1-2  (17)  summarizes  some  data  concerning  neutrons, 
electrons  and  several  kinds  of  electromagnetic  radiation.   Since  the 

spacing  between  atoms  is  on  the  order  of  several  Angstroms,  and  the  po- 

-1        -2 
tential  well  depth  is  10   eV  to  10   eV,  the  ideal  choice  of  wavelength 

and  energy  transfer  would  be  of  this  order.   Examination  of  Table  1-2 
shows  that  one  or  the  other  requirement  is  satisfied  for  each  case 
listed,  but  neutrons  are  the  only  form  of  radiation  for  which  both 
criteria  are  satisfied. 

The  ideal  way  to  discuss  neutron  scattering  is  to  formulate  equa- 
tions that  model  the  physical  process  (see  Figure  1-4):   incident 
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TABLE  1-1 


SCATTERING  PROPERTIES  OF  VARIOUS  TYPES  OF  RADIATION  (17) 


Radiation 


Scattering  Center 


Size  of  Scattering  Center 
Relative  to  Size  of  Atom 


Electromagnetic 

Electrons 

Neutrons 


Electron  density 
Charge  density 
Nucleus 


15 


TABLE  1-2 


WAVELENGTH  AND  ENERGY  OF  VARIOUS  TYPES  OF  RADIATION  (17) 


Radiation 

Wavelength, 

o 

A 

Energy  Change 

eV 

Electrons 

^0.1 

Wide 

X-Ray 

0.5-2.0 

Wide 

Light  (Raman) 

4000 

-lo-1 

Light  (Brillouin) 

4000 

■,io-5 

Neutrons 

1-10 

-1   -3 
10  -10 

Indicates  the  experimentally  accessible  energy  transfer  range. 
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Figure  1-4.   Schematic  diagram  of  the  scattering 
process.   The  incident  (A)  and  scat- 
tered (B)  beams  are  shown  as  viewed 
at  large  distances  from  the  scattering 
center . 


17 


particles,  described  by  a  wave  packet,  approach  the  target  atoms. 
There  follows  an  interaction  with  the  target  atoms,  and  finally  we  see 
two  wave  packets:   the  unscattered  part  of  the  beam  continues  in  the 
forward  direction,  and  the  scattered  particles  fly  off  at  some  angle. 
The  wave  equation  describing  the  scattering  for  free  atoms  is 

(V:  +  k2)  ^(r)  =  ~2-     V(r)  ij>(r)  .  (H6) 

where  k  is  the  neutron  wave  number,  \p(r)    is  the  wave  function  of  the 
neutron,  and  V(r)  is  the  scattering  potential.   The  reduced  mass,  m  , 

is  defined  by 

*     m 

-'  =-  TT^a  •  (1"17> 

where  m   is  the  mass  of  the  atom  and  A  is  the  ratio  of  atomic  to  neutron 
a 

masses.   The  solution  to  equation  (1-16),  which  has  the  correct  boundary 

condition,  may  be  shown  (18)  to  be 

ik  -r     *  r  ik|r-r  | 

(/;(r)  =  e  °   -  -^"     dr"   e        V(r')  i|i(0  .     (1-18) 
2,rh  i      |r-r'| 

Here,  k  is  the  wave  vector  of  the  incident  neutron.   Since  the  scattered 
o 

neutrons  are  observed  at  large  distances  from  the  scattering  center,  only 
the  asymptotic  form  of  \p(r)    is  required.   Use  of  the  Born  approximation, 
i.e.,  replacing  ijj(r')  with  exp(ik  *r'),  results  in 

ik  «r    ikr    *    r  i(k  -k)  t" 

^(r)     =e   °   -^    [^>      dr'e   °       V(r')].    (1-19) 
Y   r-x»  r     2im   J 

We  see  from  equation  (1-19)  that  the  solution,  ^(r)  ,  is  the  sum  of 
an  incident  and  a  scattered  wave,  and  the  scattering  amplitude,  f(0), 
can  be  identified  as 
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f(6)  =  --^2    fd?'  ei(k°"k)*r'  V(r')  ,  (1-20) 

with  the  required  cross-section  being  simply 

o(e)  =  | f  Co) | 2  .  (i-2i) 

Because  the  nucleus  is  almost  a  point  scatterer,  Fermi  (19) 
approximated  V(r)  by 

V(r)  *  ^-   a  6(r)  ,  (1-22) 

m 

where  the  constant,  a,  is  called  the  "scattering  length".   Lt  is  easily 
seen  that  the  substitution  of  equation  (1-22)  into  equation  (1-20)  gives 
a  free-atom  scattering  cross-section  of  4ira  .   For  convenience,  a 
scattering  length,  b,  for  a  "bound  atom",  is  normally  used  in  equation 
(1-22)  in  order  to  introduce  the  neutron  mass,  m  ,  in  place  of  the  re- 
duced mass.   This  bound  atom  scattering  length  is  related  to  the  free- 
atom  scattering  length  through  equation  (1-23) : 

b  =  a(-|-)   .  (1-23) 

In  general  the  nucleus  will  have  a  non-zero  spin,  I,  and  the  partial 

wave  analysis  (17)  of  the  scattering  process  shows  that  because  of 

o 
small  angular  momentum  of  the  neutron  for  \  %   1A,  only  s  waves  con- 
tribute.  Thus,  there  are  two  possible  spin  states  (I  +  h,    1  -  -i) , 
and  the  scattering  lengths  of  the  two  spin  states  will  be  different 
(a+,  a). 

The  above  discussion  has  thus  far  been  limited  to  the  scattering 
of  neutrons  by  a  free-atom.   In  general,  however,  we  must  consider 
the  contribution  of  a  collection  of  atomic  nuclei  to  the  scattering 


19 


process.   The  total  scattering  cross-section  is  simply 


a   =  a   .  +  a  .   .  ,  (1-24) 

con    mcoh 

where  o   ■  ,  the  coherent  cross-section,  is  that  contribution  to  o  due 
coh 

to  the  interference  of  waves  scattered  by  different  nuclei,  and  the 

incoherent  cross-section,  a.        ,  ,  is  that  part  of  o  in  which  inter- 

mcoh 

ference  between  the  scattered  waves  does  not  occur. 

The  quantity  measured  experimentally  is  the  differential  scat- 
tering cross-section,  -r — —  ,    the  number  of  neutrons  scattered  into  a 
solid  angle  dQ,   having  an  energy  change-fflw,  with 


4  eE  -  E   .  (1-25) 

o 

If  there  is  no  correlation  between  the  nuclear  spins  themselves,  or  be- 
tween the  nuclear  spins  and  particle  positions,  then 

2 

4-^-  =  f-   [b2      .    S(Q,u)   +  b2  S    (Q,u))]    ,  (1-26) 

dfidw        k  coh  incoh      s 

o 

where-ftj  is    the  momentum   change 

*§=«(k"o  -   k),  (1-27) 

S(Q,io)  is  related  to  the  density-density  time-correlation  function, 
G(r;t),  through  equation  (1-3),  and  S  (Q,w)  is  the  self-contribution: 

+00 

S  (Q,uO  =   f  dt  eiu)t  fd?  e_i^'r  G  (?;t)  .  (1-28) 


For  spin-dependent  scattering  lengths  the  differential  cross-section 
may  be  separated  experimentally  into  the  two  components  in  equation 
(1-28)  by  recording  those  neutrons  that  are  depolarized  upon  scattering, 
thus  enabling  S  (Q,uO  to  be  measured  separately  (17). 


CHAPTER  2 
STATIC  CORRELATIONS  IN  SIMPLE,  DILUTE  GASES 

2.1   Introduction 

In  this  chapter  we  consider  the  problem  of  obtaining  information 
about  intermolecular  forces  from  experimental  data  on  pair  and  triplet 
correlation  functions  for  a  low  density  gas.   More  precisely,  numerical 
calculations  on  the  static  structure  factor,  as  well  as  the  pair  corre- 
lation function,  are  presented  for  terms  up  to  p2  in  the  density  ex- 
pansion of  g(r).   Calculations  are  performed  using  the  Barker  potential 
for  krypton  and  xenon,  and  the  three-body  contribution  to  the  inter- 
molecular potential  is  modeled  using  the  Axilrod-Teller  potential. 
Finally,  the  three-body  correlation  function  is  calculated  (to  first- 
order  in  the  number  density)  and  compared  with  the  corresponding 
superposition  approximation. 

The  theory  of  simple  fluids,  e.g.,  rare  gases  and  liquid  metals, 
is  usually  written  in  terms  of  a  hierarchy  of  distribution  functions. 
The  simplest  of  these  is  the  pair  correlation  function,  g(r) ,  which 
appears  extensively  in  expressions  for  the  thermodynamic  properties. 
Because  of  its  importance,  there  have  been  numerous  theoretical  attempts 
to  calculate  g(r)  by  closure  of  the  hierarchy.   These  theories  involve 
either  an  assumed  form  for  the  three-body  correlation  function  or  an 
implicit  statement  concerning  it. 
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While  important  in  the  modeling  of  the  pair  distribution  function, 
the  triplet  correlation  function  also  contributes  directly  to  the 
thermodynamic  properties.   Barker,  Fisher  and  Watts  (20)  discuss  this 
and  show  that  with  the  addition  of  a  triplet  term,  excellent  agreement 
may  be  obtained  with  the  measured  pressure  and  energy  of  argon.   They 
show  that  the  three-body  terms  contribute  5%  of  the  energy  and  about 
50%  of  the  observed  pressure  for  argon  at  100  K  and  a  molar  volume  of 
27  cm  /mole.   The  size  of  this  contribution  varies  with  the  state  con- 
ditions, but  the  pressure  contribution  is  always  large,  particularly 
near  the  triple  point.  Properties  in  which  the  triplet  correlation 
function  plays  a  significant  part  within  the  framework  of  the  pair  theory 
include  the  thermal  expansion  coefficient  and  the  specific  heat.   In  the 
pair  theory  these  properties  include  a  large  contribution  from  the  trip- 
let correlation  function  and  may  not  be  calculated  without  a  reasonable 
knowledge  of  that  function  (21). 

The  Fourier  transformation  of  the  pair  correlation  function,  S(Q), 
can  be  measured  through  radiation  scattering  experiments.   However, 
there  is  no  similar  method  for  measuring  the  triplet  correlation  func- 
tion, since  radiation  scattering  cross-sections  are  too  small  to  give 
an  appreciable  sensitivity  to  the  higher  functions  (10) .   To  overcome 
this  difficulty,  Egelstaff  and  co-workers  (14)  proposed  measuring  the 
isothermal  pressure  derivative  of  the  static  structure  factor  and  show 
that  the  first  derivative  is  related  to  the  three-point  correlation 
function  and  higher  derivatives  to  successively  higher-order  correlation 
functions.   Using  modern  radiation  scattering  techniques   Egelstaff 
Rt  aJL.  measured  S(Q)  for  various  liquids  as  a  function  of  pressure  at 
constant  temperature,  and  differenced  the  data  to  obtain  the  isothermal 
pressure  derivative  (14). 
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(s) 
An  alternative  to  evaluating  g    (q  ,...,q  ),  the  s-particle  corre- 
lation function,  from  the  distribution  function  hierarchy  (22)  is  the 
direct  evaluation  through  equation  (2-1) : 

s  (s).  "   z^_   If-       »   ^W^V 

pg    (q1,...,qs)  =  I      -^ dq    ...dq   e 

N>S  h   (N-S)!  L     J    b  J      N 


(2-1) 


where  Z  is  the  conf igurational  integral 


z  =  ^  InT  dqr--dqN  e  '    (2_2) 

N^O  h  N!  j 

(s) 
g    (q1,...,q  )  is  a  measure  of  the  correlation  between  S  molecules  in  a 

i  o 

system  containing  N  molecules,  and  U  (q  ,...,q  )  is  the  total  potential 
energy  of  the  N  molecules.   Assuming  a  model  for  the  interaction  poten- 
tial, the  (Monte  Carlo)  procedure  involves  generating  a  set  of  configura- 
tions proportional  to  the  Boltzmann  factor,  exp[-3U  (q  , . .  .  ,q  )],  and 
averaging  over  the  configurations,  with  equal  weight  given  to  each  con- 
figuration.  For  the  purpose  of  calculating  the  total  potential  energy 
in  any  one  configuration,  it  is  convenient  to  separate  U  (q   .  .  .  ,q  ) 
into  a  sum  of  terms  (23).   This  sum  consists  of  those  for  aLl  possible 
atom  pairs  i j  ,  all  possible  triplets,  ijk,  all  possible  quadruplets 
ijkl,  and  so  on,  concluding  with  a  final  term  for  the  simultaneous  in- 
teraction of  all  N  molecules: 


W---'V  =  I.    hi    +    .     I        *ijk+  •••  +  *12...N  •   (2-3) 

1<J  KJ<k 


23 


The  meaning  of  the  terms  in  equation  (2-3)  is  as  follows  (23)  : 

<(> .  .  is  the  mutual  potential  energy  of  the  pair 
located  at  i  and  j  and  isolated  from  the  in- 
fluence of  all  other  molecules, 

$ii]r   is  the  additional  mutual  potential  energy 
of  the  trio  located  at  i,j  and  k  that  arises 
from  changes  in  the  electron  charge  distribu- 
tions of  the  isolated  pair  located  at  i  and  j 
when  a  third  molecule  is  at  location  k, 

<f)12   n  is  a  potential  energy  increment,  char- 
acteristic of  the  whole  system,  that  is  not 
included  in  the  previous  terms. 

For  the  special  case  of  a  dilute  gas  one  can  proceed  rigorously  by 

expanding  the  correlation  function,  i.e.,  equation  (2-1),  in  powers 

of  the  density,  the  form  of  the  expansion  being 

g(s)(qi,...,qs)  =  g0(s)(qi,...,qs)  +pg1(S)(q1,...,qs)  +  •••  ,   (2-4) 

where  g     is  completely  determined  by  the  potential  energy  between  S 

(s) 
molecules,  ± , „    „ ,  g,     involves  the  (Sfl)  particle  potential  energy, 

T  lz  .  .  ..J    1 

a        ,  as  well  as  if  „     ,  and  so  on.   The  dependence  of  the  corre- 
lation functions  on  the  intermolecular  forces  for  dilute  gases  is  well 

defined  so  that  one  may  proceed  with  some  confidence  in  either  direction: 

(s) 
from  knowledge  of  the  intermolecular  forces  to  the  calculation  of  g    , 

or  from  experimental  measurements  of  the  correlation  functions,  par- 
ticularly the  pair  correlation  function,  to  the  estimation  of  the  inter- 
molecular potential.   In  this  way,  neutron  scattering  data  on  low 
density  gases  provide  a  powerful  technique  for  the  study  of  intermolecu- 
lar forces. 

In  the  next  section  the  magnitudes  of  the  contribution  of  three- 

(2) 
body  forces  to  the  low  density  expansions  of  g     and  S(Q)  are  calculated 
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to  indicate  their  accessibility  to  measurement.   In  Section  2.3  the 

possibility  of  using  neutron  scattering  to  gain  partial  information 

(3) 
about  g    is  indicated.   The  need  for  such  information  is  shown  by 

(3) 
comparing  the  low  density  form  of  g    with  the  corresponding  Kirkwood 

superposition  approximation  for  pair  potentials. 


2.2   Two-Body  Correlations 

In  this  section  the  influence  of  two-  and  three-body  potentials  on 
the  density  expansion  of  g(r)  is  studied  numerically.   A  similar  ex- 
pansion of  the  static  structure  factor,  S(Q),  enables  one  to  identify 
the  non-additive  contribution  to  this  experimentally  accessible  quantity, 

A  special  case  (s=2)  of  equation  (2-1),  the  pair  correlation  func- 
tion is  defined  in  the  grand  canonical  ensemble  as 

8(r)  ~    ?Aa  ^   Z    dq3'--dqNe  *      (2~5) 

H   N>3  h   (N-2)  !     > 

The  evaluation  of  g(r)  becomes  exact  (in  the  sense  that  no  approximation 
for  the  triplet  correlation  function  is  made  in  closing  the  hierarchy) 
in  the  limit  of  low  density: 


;(r)  =  gQ(r)  +  pgl(r)  +  ...  ,  (2-6) 


with  the  first  two  coefficients  of  the  expansion  beinj 


and 


^0(r)  =  X  +   f12 


jx(r)  =  (l+f12)   d^3[fi3f23+f123(1+£13)(1+f23)] 


(2-7) 


Here  we  have  introduced  the  Mayer  functions 
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f4  .  =  e   1J  -  1 

(2-8) 


f..,  =   e    1JR  -  1 


It  is  clear  from  equation  (2-7)  that  gn(r)  is  a  direct  measure  of  the 

pair  potential.  <b..,  g,  (r)  is  a  function  of  both  <t>.  .  and  the  three-body 
Tij    1  rij 

potential,  tb.  .,   ,  and  so  on.   Note  that  this  expansion  is  analogous  to 
Tijk 

the  virial  equation  of  state:   the  second  virial  coefficient  depends 
entirely  on  the  details  of  the  pair  potential  <j>   ,  the  third  virial  co- 
efficient is  determined  by  the  three-body  potential  as  well  as  ^19j  etc. 
A  study  of  the  three-body  potential  by  Sherwood  and  co-workers  (24)  re- 
vealed that  the  third  virial  coefficient  was  indeed  sensitive  to  non- 
additive  contributions,  as  well  as  details  of  the  two-body  potential. 
However,  since  the  equation  of  state  is  determined  by  integration  of 
the  pair  correlation  function  over  the  distance  of  separation  between 
two  molecules,  a  study  of  g(r) ,  as  opposed  to  the  virial  coefficients, 
should  prove  a  more  sensitive  test  for  models  of  the  two-  and  three- 
body  potentials. 

Practical  computations  using  the  above  theory  require  the 
assumptions  of  models  for  the  pair  and  triplet  potentials.   For  the 
simple  gases,  argon,  krypton,  and  xenon,  it  is  generally  accepted  that 
the  pair  potential  is  known  with  some  precision.   In  particular,  Barker 
and  co-workers  (12)  give  the  following  form  for  the  two-body  potential 
for  xenon  and  krypton: 


j>..(r  )  =  e[u0(r  )  +  ux(r  )],  (2-9) 
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where 


2    c 
*  ..i   a(l-r  )     r    c6+2i 


1=0  1=0  r     +0 

and  (2-10) 

ui(r)i  .  . 

\       *   4      *    5   a  fl-r  "i     * 

\  [P(r  -1)^  +  Q(r  -l)3  e   l    ;],  r   >  1   . 


In  these  expressions  £  is  the  depth  of  the  potential  at  its  minimum  and 

* 
r   is  the  intermolecular  distance  normalized  to  r  ,  the  distance  at  the 

m 

minimum  in  the  potential.   The  parameters  were  determined  from  a  wide 
range  of  experimental  data,  including  second  virial  coefficients,  gas 
transport  properties,  solid-state  data,  spectroscopic  information  on 
dimers,  and  measurements  of  differential  scattering  cross-sections,  and 
are  tabulated  in  Table  2—1.   All  subsequent  calculations  are  performed 
using  this  potential  model,  unless  otherwise  noted. 

Figure  2-1  illustrates  the  behavior  of  the  pair  correlation  func- 
tion, using  the  first  three  terms  in  the  density  expansion  for  xenon 

*  _    3 
at  a  reduced  density  (p  -   pr   )  of  unity.   Although  the  series  does  not 

* 

converge  at  this  density,  p   =1  was  chosen  in  order  to  magnify  the  con- 
tributions of  the  second  and  third  terms  in  the  expansion. 

A  means  of  establishing  the  range  of  density  for  which  the  expansion 
of  g(r)  is  applicable  is  by  comparison  of  equation  (2-6)  with  Monte  Carlo 
calculations.   This  comparison  is  very  valuable  since  it  enables  one  to 
test  the  density  expansion  directly.   The  same  potential  model  is  used 


TABLE  2-1 


BARKER  PAIR  POTENTIAL  (EQUATION  (2-10))  PARAMETERS 
FOR  KRYPTON  AND  XENON  (12) 
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Parameter 

Krypton 

Xenon 

e/k,  K 

201.9 

281.0 

m 

4.0067 

4.3623 

r  ,  X 
o 

3.580 

3.890 

A 

0 

0.23526 

0.2402 

Al 

-4.78686 

-4.8169 

A2 

-9.20 

-10.90 

A3 

-8.0 

-25.0 

A4 

-30.0 

-50.7 

A5 

-205.8 

-200.0 

C6 

1.0632 

1.0544 

C8 

0.1701 

0.1660 

C10 

0.0143 

0.0323 

a 

12.50 

12.50 

6 

0.010 

0.010 

P 

-9.0 

59.3 

Q 

68.67 

71.1 

6' 

12.5 

12.5 

n 

0.0269 

0.0361 
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3.0-. 


XENON 


Figure  2-1.   Term-by-term  comparison  of  g(r)  for  xenon  assuming  pair- 
wise  additivity  of  the  potential.   The  curves  labeled  1, 
2  and  3  are  for  terms  up  to  and  including  g0,  g^  and  g2 
in  equation  (2-6),  respectively;  p*  =  pr^  =  1.0. 
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in  both  the  Monte  Carlo  calculations  and  the  theory  so  that  the  com- 
parison tests  only  the  range  of  convergence  of  the  expansion.   Figure 

■k 

2-2  compares  the  "exact",  i.e.,  Monte  Carlo  (25),  value  of  g(r  =1) 
with  the  corresponding  density  expansion  for  krypton  at  303  K.   Terms 
up  to  and  including  g9(r)  were  used  in  the  virial  calculation  (26), 
and  pairwise  additivity  of  the  potential  energy  was  assumed.   As  is 
evident  from  the  figure,  deviations   (greater  than  +  2%)  from  unity  be- 
come appreciable  at  a  reduced  density  of  0.40  for  krypton  at  303  K. 
In  using  experimental  data  to  determine  pair  potentials  it  is 
essential  to  take  account  of  many-body  interactions.   In  the  case  of 
simple  gases,  Barker  jat  al_.    (12)  found  that  satisfactory  agreement   be- 
tween calculated  and  experimental  properties  were  obtained  by  including 
only  the  third-order  triple-dipole  (Axilrod-Teller)  three-body  disper- 
sion interaction, 

(1  +  3cos6n cos0„cos6„) 

3-    .  (2-11) 


123  3   3   3 

r   r    r 
12   13   23 

where  the  separations  r  .  and  angles  0.  are  identified  in  Figure  2-3. 

As  shown  in  Figure  2-4,  the  effect  of  the  triplet  dispersion  potential 

on  gn  (r)  is  appreciable  for  separations  r  ^  r  . 
I  m 

Experimental  information  on  the  pair  correlation  function,  and 
hence  the  intermolecular  forces,  can  be  obtained  through  neutron 


In  a  study  of  the  three-body  potential,  Sherwood  and  co-workers  (24) 
found  that  satisfactory  agreement  between  theory  (assuming  a  Lennard- 
Jones  12-6  potential)  and  experiment  for  the  third  virial  coefficient 
could  be  achieved  only  by  including,  in  addition  to  the  dispersion 
contribution,  a  repulsive  contribution  for  non-additivity .   It  is 
important  to  note  that  models  chosen  for  the  non-additive  potential 
are  extremely  sensitive  to  the  details  of  the  pair  potential. 
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Figure  2-2.   Comparison  of  the  Monte  Carlo  (g   )  calculation  of  g(r)  with 
equation  (2-6)  (ge)  for  krypton.   Pairwise  additivity  of  the 
potential  was  assumed,  and  terms  up  to  and  including  g~  were 
used  in  calculating  ge.   For  p*  _<  0.4,  three  terms  are  suf- 
ficient for  agreement  (estimated  error:   ±2%)  with  the  MC 
calculations  at  r*  =  r/rm  =  1;  T*  =  kT/c. 
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rJK 


Figure  2-3.   Spatial  configuration  of  molecules  i,j 
and  k. 
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Figure  2-4.   Influence  of  the  Axilrod-Teller  three-body  potential 

on  gi(r)  for  xenon;  g]^>  gi   »  are  the  values  of  g^(r) 
assuming  pairwise  additivity  and  non-additivity 
(equation  (2-11)),  respectively;  r*  =  r/r  ,  T*  =  kT/e. 
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scattering  or  x-ray  diffraction  measurements,  and  is  contained  in  the 
static  structure  factor,  S(Q), 

S(Q)  =  1  +  p  j  dr  eiQ#r  [g(r)-l]  .  (2-12) 

An  expansion  of  S(Q)  in  density  is  obtained  upon  substitution  of  equa- 
tion (2-6)  for  g(r)  into  equation  (2-12),  and  is  given  below  for  com- 
pleteness : 

S(Q)  =  1  +  pS1(Q)  +  P2S2(Q)  +  ...   ,         (2-13) 

where  the  coefficients  in  the  expansion  are  easily  identified  in  terms 
of  gQ,  gx,  etc. : 


|  dr  e  iQ'r  [gQ(r)-l]  , 


I  d?  e"iQ'r  §1(r)  , 


(2-14) 


and  so  on.   Figure  2-5  illustrates  the  behavior  of  S(Q),  using  the  first 
four  terms  (i.e.,  up  to  and  including  S„(Q))  in  the  expansion,  for  xenon 
at  a  reduced  density  of  unity.   Again,  the  series  does  not  converge  at 
p   =  1,  but  this  density  was  chosen  to  magnify  the  contributions  from 
the  terms  proportional  to  the  density.   As  indicated  in  Figure  2-5,  the 
greatest  contribution  of  the  higher-order  terms  occurs  at  small  Q  (Q<1.5A  ) 

A  similar  trend  is  observed  in  Figure  (2-6)  for  a  reduced  density  corre- 

* 
sponding  to  one  of  the  experimental  state  conditions  (i.e.,  p  =  0.188). 

Finally,  the  effect  of  non-additivity  on  S  (Q)  is  shown  in  Figure  2-7, 

where  it  is  observed  that  the  major  contribution  of  non-additivity  occurs 

at  a  momentum  transfer  of  unity. 
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Figure  2-5 . 


Term-by-term  comparison  of  S(Q)  for  xenon  assuming  pair- 
wise  additivity  of  the  potential.   The  curves  labeled 
1,  2,  and  3  are  for  terms  up  to  and  including  S]_,  S2 ,  and 


St  in  equation  (2-13),  respectively;  p*  =  p^ 


3  = 


1.0. 
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Term-by- term  comparison  of  S(Q)  for  xenon  assuming  pair- 
wise  additivity  of  the  potential.   The  curves  labeled 
1,2,  and  3  are  for  terms  up  to  and  including  S-,  ,  S2,  and 
S3  in  equation  (2-13),  respectively;  p*  =  prm3  =  0.188. 
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Figure  2-7.   Influence  of  the  Axilrod-Teller  three-body  potential  on 


S-j^  (Q)  for  xenon;   S]/ 
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are  the  values  of  S^CQ) 


assuming  pairwise  additivity  and  non-additivity 
(equation  (2-11)),  respectively. 
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The  results  of  this  section  indicate  that  higher-order  terms  in 
the  density  expansion  of  S(Q),  i.e.,  S  (Q)  ,  S  (Q)  ,  and  so  on,  do  not 
contribute  significantly  beyond  the  first  peak  in  the  static  structure 
factor.   This  is  particularly  evident  in  Figure  2-8,  a  plot  of 
(S(Q)-l)/px  as  a  function  of  Q  for  the  upper  (p  =  0.380)  and  lower 
(p  =  0.156)  densities  covered  experimentally  (see  Chapters  5  and  6). 
Since  details  of  the  three-body  potential  are  contained  in  S„(Q),  it 
is  apparent  that  precise  measurements  of  S(Q)  in  the  region  of  Q  =  1.0A 
are  necessary  to  study  the  triplet  potential  experimentally. 

2.3  The  Triplet  Correlation  Function 

We  have  indicated  the  importance  of  the  pair  correlation  function 
in  predicting  thermodynamic  properties  of  equilibrium  systems,  and  the 
importance  of  the  triplet  correlation  function  in  modeling  g(r)  is 
established  through  equation  (2-15): 

kT  -2j  +   g(r)  —±±   +  p   d?3  —±>.   gU;(r  ,  r2,  r-j)  =  0.       (2-15) 

Conventional  neutron  scattering  or  X-ray  diffraction  experiments  provide 
a  direct  measurement  of  the  pair  correlation  function.   Unfortunately, 

there  is  no  similar  method  for  measuring  the  triplet  correlation  function. 

(3) 
However,  g    is  related  to  the  pair  correlation  function  through  the 

isothermal  pressure  derivative  (27) 
3g 


2g(r)  +p  lds[g(3)(r,s)  -  g(r)]   ,  (2-16) 


pkT3P 


(3) 
so  that  g    is  indirectly  measured  through  the  isothermal  pressure 

derivative  of  the  static  structure  factor.   Although  equation  (2-16) 
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Figure  2-8.   Plot  of  (S(Q)-l)/p*  for  xenon  as  a  function  of  Q  for  the 

higher  ( ,  p*  =  0.38)  and  lower  ( ,  p*  =  0.156) 

densities  covered  experimentally;  p*  =  pr  3,  t*  =  kT/e. 
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(3) 
cannot  be  solved  exactly  for  g    ,  it  does  provide  a  useful  guide  for 

modeling  the  triplet  function  when  coupled  with  experimental  data  on 
- — ^-  .   In  this  section  the  low  density  form  of  the  triplet  correlation 
function  is  calculated  and  compared  with  the  associated  Kirkwood  super- 
position approximation,  thereby  illustrating  the  difficulty  of  modeling 

such  functions. 

(3) 
For  a  dilute  gas,  no  approximation  for  g    is  necessary,  and  the 

three-point  correlation  function  becomes 

g(3)(q1,q2,q3)  =  g0(3)(qi,q2,q3)  +  Pg1(3)(q1,q2,q3)  +  •••  ,   (2-17) 
where  the  coefficients  in  the  density  expansion  are 

g0(3)(qrq2,q3)  =  (1+f ^  (1+f ^  (1+f ^ 


and 


In 


g1(3)(qi,q2,q3)  =  (!«„)  (1^)  d+f^)  jdq,  U^^  (2-18) 


+  f24f34  +  f14f24  +  f14f34  +  f24  +  f34  "  f14]    * 

(3)       (3) 
identifying  g     and  g     ,  pairwise  additivity  of  the  potential 


(3) 

energy  was  assumed.   The  integral  in  equation  (2-18)  for  g     was 

evaluated  using  a  Monte  Carlo  technique.   The  Monte  Carlo  method  was 

chosen  over  other  integration  routines  because  of  its  simplicity  and 

(3) 
rapid  convergence.   A  test  of  the  convergence  of  g..     is  shown  in 

Figure  2-9,  where  N  is  the  number  of  configurations  generated  by  the 

Monte  Carlo  procedure. 

A  frequently  used  approximation  for  the  triplet  correlation  func- 

(3) 
tion  is  Kirkwood1 s  superposition  approximation  for  g    , 

(3) 

g   (qrq2>q3)  =  g(qrq2)g(qrq3)g(q2>q3)  •         (2-19) 
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Figure  2-9.   Test  of  the  convergence  of  g. 


(3) 


for  krypton; 


N  is  the  number  of  configurations  generated 
by  the  Monte  Carlo  procedure, 
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Substitution  of  the  density  expansion  for  the  pair  correlation 
function  into  equation  (2-19)  results  in  the  following  density  ex- 
pansion of  the  superposition  approximation: 

(3)  (3)  (3) 

gSA  (qrqrq3)  ■  ^a/o^i'V^  +  P8SA,i(qi'q2'q3)  +  ■■■  '  (2-20) 

where  the  subscript  "SA"  denotes  the  superposition  approximation,  and 
the  corresponding  coefficients  in  the  expansion  are 

(3)  ,        .     (3),        , 
8SA,0(ql'q2'q3)  =  80   (Wq3} 

and  (2-21) 

8SA!l(ql»q2'q3)  =  80(ql'q2)  80(ql'q3}  8l(q2'q3) 
+  g1(q1,q2)  80(ql'q3)  80(q2'q3} 


+  s0(q1»q9)  g1(q1»q3)  g0(q9,q3) 


It  is  apparent  that  the  superposition  approximation  becomes  exact  in 

the  limit  of  zero  density.   Figure  2-10  compares  the  superposition 

(3) 
approximation  for  g    with  that  predicted  by  equation  (2-17)  for  a  re- 
duced density  of  unity.   The  three-particle  configuration  is  indicated 

in  Figure  2-10.   Although  the  superposition  approximation  gives  the 

(3) 
correct  zero-density  limit,  the  second-order  term,  g     ,  is  clearly 

(3) 
inconsistent  with  the  direct  numerical  evaluation  of  g     .   Again  note 

that  a  reduced  density  of  unity  was  chosen  to  magnify  the  discrepancy 

between  the  two  expressions. 

A  study  of  the  pressure  derivative  of  Monte  Carlo  results  for  the 

pair  correlation  function  provides  another  test  of  models  for  the 

three-point  function.   Comparisons  of  this  type  can  be  extremely 
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Figure  2-10.   Comparison  of  the  superposition  approximation  for  g(3) 

( ,  equation  2-20)  with  that  predicted  by  equation  (2-17) 

( )  for  terms  up  to  and  including  gi^   ;  P*  =  pr  -*.=  1.0. 
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valuable  since  the  nature  of  the  interraolecular  potential  is  known 
exactly.   Figure  2-11  illustrates  the  behavior  of      ,  obtained  by 
differentiating  the  Monte  Carlo  results  of  Verlet  (28)  for  a  dense 
system  of  Lennard- Jones  atoms.   Recently,  Egel staff,  Page,  and 
Heard  (22)  have  compared  several  models  for  the  triplet  correlation 

r  -         •   i  •  l  r       3S(Q)   r  ,  .     .  .        ,  .  ,. 

function  with  experimental  measurements  of  ■*—  for  liquids  rubidium, 

carbon  tetrachloride,  and  argon.   Assuming  the  interparticle  distances 

-1/3   .  .     (3)     a  ,      3S(Q) 

vary  as  p     ,  they  found  that  g    ,  and  hence  — — — ,  can  be  described 

or 

quite  well  by  equation  (2-22) : 

kT0as(Q)  =  _  M  as(Q)  .    22) 

kif9P^      3   q   9Q     '  U    ' 

A  similar  comparison  (see  Figure  2-12)  between  equation  (2-22)  and  the 
transformed  Monte  Carlo  results  of  Verlet  illustrates  the  applicability 
of  Monte  Carlo  "data"  to  studying  the  triplet  correlation  function. 

Clearly  equation  (2-22)  is  in  error  as  0  -*  0,  since  the  isothermal 

9S  (0) 
pressure  derivative  of  S(Q)  does  not  vanish,  and  S(0)  and       are 

3Q 

non-zero. 
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Figure  2-11.   Monte  Carlo  results  for  3g(r)/3P  for  a  dense  (p*  =  0.83) 

system  of  Lennard-Jones  atoms,  obtained  by  differentiating 
Verlet's  (28)  Monte  Carlo  calculations. 
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Figure  2-12.   Monte  Carlo  results  for  3S(Q)/3P  for  a  dense  (p*  =  0.83) 

system  of  Lennard-Jones  atoms  ( ) ,  obtained  by  Fourier 

transforming  3g(r)/3P  given  in  Figure  2-11.   Also  inclu- 
ded is  3S(Q)/3P  predicted  by  equation  (2-22)  ( ). 


CHAPTER  3 


THE  FORMAL  KINETIC  THEORY  FOR  TIME-DEPENDENT 
CORRELATION  FUNCTIONS 


3.1   Introduction 

In  the  study  of  atomic  and  molecular  processes  in  fluids,  many 
phenomena  can  be  described  in  terms  of  time  correlation  functions. 
These  functions  characterize  the  decay  of  spontaneous  fluctuations 
in  an  equilibrium  fluid  and,  as  such,  may  be  observed  by  radiation 
scattering  measurements.   Inelastic  scattering  experiments  have  been 
performed  on  a  wide  variety  of  fluids  and  solids.   The  physical  rele- 
vance of  the  time  correlation  functions  lies  in  the  fact  that  they 
completely  describe  the  linear  response  of  the  system  to  an  external 
disturbance  and  the  linear  dissipation  of  an  isolated  system 
approaching  equilibrium.   For  example,  virtually  all  linear  transport 
coefficients,  as  well  as  more  detailed  phenomena  such  as  high  fre- 
quency sound  absorption  and  collective  modes  in  fluids,  may  be  ob- 
tained from  time  correlation  functions.   In  this  chapter  the  rela- 
tionship of  the  dynamic  structure  factor,  S(Q,(jj),  to  the  corresponding 
linear  response  time  correlation  function  is  established.   Some  sim- 
ple and  exact  properties  of  S(Q,co)  are  given,  along  with  two  formal 
models  which  incorporate  these  properties  and  which  are  presently  used 
for  semi-phenomenological  calculations  of  S(Q,oj)  for  liquids.   In 
Section  3.3  it  is  shown  that  a  formal  kinetic  theory  for  S(Q,u>)  can 
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provide  a  microscopic  basis  for  the  study  of  fluids,  and  the  above 
liquid  models  are  interpreted  in  this  context.  Also  given  in  this 
section  is  the  exact  result  for  a  low  density  gas  of  hard  spheres. 

The  more  general  three-point  time  correlation  functions  are  con- 
sidered in  Section  3.4,  where  the  relationship  of  these  functions  to 

3S(Q,L0)    ..         .      •,..  jc_i  -]•_■      c 

?- —  is  given.   A  preliminary  study  of  the  pressure  derivative  of 

the  incoherent  scattering  function  by  Egelstaf f  e_t  aT.  (29)  indicates 
a  direct  dependence  on  the  pressure  derivative  of  the  collision  opera- 
tor.  A  similar  result  is  found  here  for  ~ —  .   The  isothermal 

pressure  derivative  of  S(Q,oj)  may  be  obtained  directly  from  the  kinetic 
theory  expression  for  the  triplet  time  correlation  function  (presented 
in  Section  3.4),  or  by  differentiation  of  the  kinetic  formulation  of  the 

two-point  function,  S(Q,uj).   The  formal  expression  for  ^~ —  ,  ob- 

tained  by  the  latter  method,  is  developed  in  Section  3.4  and  is  pre- 
sented in  a  form  suitable  for  the  introduction  of  phenomenological 
models.   Finally,  S(Q,co)  is  calculated  in  Section  3.5,  using  a  simple 

model  collision  operator,  to  illustrate  the  qualitative  behavior  of 
9S(Q,qj) 


S(Q,co)  and 


3P 


3.2  Properties  of  S(Q,qj) 

3.2.1   Relationship  to  Linear  Response  and  Sum  Rules.   The  response 

of  a  system  to  an  external  disturbance  can  be  expressed  in  terms  of  a 

time-dependent  correlation  function  for  the  unperturbed  system  (30) . 

For  example,  if  we  consider  a  system  initially  in  equilibrium  and  apply 

a  time-dependent  external  field,  represented  by  the  addition  of  a  term 

V   .  (t)B(x-,  ,  .  .  .x„T)  to  the  Hamiltonian,  where  V    (t)  is  the  external 
ext      1     N  ext 

field  and  B  is  some  function  of  the  positions  and  momentum  of  the  N 
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molecules  in  the  system,  it  can  be  shown  (31)  that  the  linear  response 

of  a  variable  A(x  , ...x  )  to  the  external  field  may  be  written  as 

t 
6<A(t)>  =  Jd:  Xab(t-r)  Vext(x)  ,  (3-1) 


where  the  response  function,  x  u^^'  ^s  gi-ven  classically  by 

1   <A(t)B(o)>   ,  t  >_  o 
b(t)  =  y     kT  .         (3-2) 

,  t  <  o 

Here,  5<A(t)>  =  <A>  -  <A>  ,  where  <...>  and  <...>   denote  the  non- 

o  o 

equilibrium  and  equilibrium  averages,  respectively.  Also,  A(t)  repre- 
sents the  time  derivative  of  A(t) .  It  is  apparent  from  equation  (3-1) 
that  x  ,  (t)  is  the  time  correlation  function  relating  the  linear 

response  of  the  system,  i.e.,  6<A(t)>,  to  the  external  field,  V    (t)  . 

ext 

It  is  important  to  note  that  this  general  expression  does  not  involve 
properties  of  the  system  outside  equilibrium,  but  instead  gives  the 
response  in  terms  of  time  correlation  functions  between  microscopic 
quantities  at  different  times  for  a  system  in  equilibrium. 

Of  special  interest  is  the  case  of  the  density  response  to  an  ex- 
ternal potential  that  couples  additivity  to  each  particle  of  the  fluid. 
N 

V   ^(t)B  =  V  V(t;q.),  where  q.  is  the  coordinate  of  the  i   particle, 
ext       .  *■,      l  i 

i=l 

Then  equations  (3-1)  and  (3-2)  become 
t 
<n(r,t)>=   fdT  fdr'  x(r-r';t-T)  V(T,r'),  (3-3) 


with 

.-^  <n(r",t)n(r,T)>   ,   t  _>  o 
X(r,r  ;t-T)  =i  (3_4) 
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Here,  n(r)  is  the  deviation  of  the  microscopic  number  density  from  its 

equilibrium  value, 

N  N 

n(?)  =  I      6(?-q.)  -  <  I   5(r-qi)>Q   •  (3-5) 

i=l  i=l 

There  exists  a  useful  relation  between  the  dynamic  structure  fac- 
tor, S(Q,oj),  and  the  density-density  response  function,  x-   Specifically, 
if  one  defines  the  complex  susceptibility,  xCQj^)*  as  tne  Fourier-La- 
place transform  of  x(r-r';t), 

X(Q,u)  =  =±     j  dt  eiUJt  <n_Q(t)nQ(o)>  ,        (3-6) 


where  n  (t)  is  the  Fourier  transform  of  n(r,t), 

nQ(t)  E  I  dr  e"iQ'r  n(r,t)  , 

then  it  is  possible  to  relate  S(Q,w)  to  the  density-density  response 
function  (See  Appendix  A) : 

S(Q,to)  =2^  x"(Q.w)   ,  (3-7) 

where  x"(Q>w)  is  the  imaginary  part  of  x(Q>w) •  The  real  part  of  the 
complex  susceptibility,  x"(Q'L°)>  ^s  related  to  x"(Q>^)  through  equa- 
tion (3-8), 

X'(Q,aO  -  |  &£     X"(Q»toO  (3_8) 


where  /  denotes  a  principal-part  integration,  so  that  the  general 
result  exists: 


+oo 


x(Q,w) 


to  -w-ie 
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/•n       \    -    P       f   dpJ         -   S(Q,io   ) 

(^,lo)   -  fV      oj    — ; 

kl  IT  a)  -a) 


(3-9) 


Equations  (3-7)  and  (3-9)  are  valuable  in  the  development  of 
models  for  S(Q,U))  based  on  the  structure  of  x(Q>w).   For  example,  the 
frequency  moments  (sum  rules)  of  x'(Q,u))  are  equilibrium  properties 
of  the  fluid  which,  in  principal,  can  be  calculated  given  the  inter- 
action potential  and  the  equilibrium  (static)  correlation  functions. 
The  sum  rules  are  developed  from  the  definition  of  the  frequency  mo- 
ments of  v(Q,  (j)  : 


n+1 


x(Q,oi)  =  -  I      (~)    M  (Q)  , 


(3-10) 


with 


VQ)  =  j  ~    a.n^(Q,U) 


(ifF>  xH,(Q.O 


th 


(3-11) 


where  M  (Q)  is  the  n   frequency  moment  of  x"(Q>w).   A  high  frequency  ex- 
pans  ion  for  X(Q>0))  in  terms  of  the  moments  is  developed  in  Appendix  A. 
Since  S(Q,w)  is  related  to  the  response  function  through  equation  (3-7), 
the  following  properties  of  S(Q,uj)  hold: 

+oo 


5   ""+1  s<«->  "  f  V« 


(3-12) 
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For  monatomic  fluids,  the  first  two  non-vanishing  moments  are  (31): 

PQ1 
m 

(3-13) 


MX(Q) 


M3(Q)  =  &-   [3Q2  vq2+  £  I  dr  g(r)  (1-cosQ-r)  (Q- V)^(r)  ]   . 

1/2 
Here,  vq  is  the  thermal  velocity  (kT/m)    ,  m  is  the  atomic  mass,  Q 

is  the  unit  vector  along  Q,  and  <j>(r)  is  the  pair  potential.   The 

utility  of  equation  (3-12)  is  illustrated  in  Section  3.5. 


3.2.2   Free-Particle  and  Hydrodynamic  Limits.   From  the  defi- 
nition of  S(Q,(jj)  in  Chapter  1,  we  may  write 
+» 

S(Q,u)  =  f  dt  eluJt  [dr  e~lQ'r  (-)  <n(r,t)n(o,o)>   .   (3-14) 


For  large  w  the  exponential  oscillates  rapidly  giving  little  contri- 
bution to  the  time  integral,  unless  it  is  correspondingly  small,  i.e.. 
bit   *v*  1.   Therefore,  the  large  uj-denendence  is  governed  by  the  short 

time  behavior  of  <n(r , t) n(o,o) >  .   But,  for  short  times  the  particles 

o  ' 

do  not  have  time  to  collide  with  each  other.   Hence,  the  motion  of 
each  particle  is  governed  by  the  mean  field  of  its  neighbors.   This 
mean  field  will  be  obtained  in  Section  3.3;  we  note  here  that,  as 
expected,  the  mean  field  is  small  for  low  density  gases  since  the 
number  of  neighbors  within  the  force  range  is  small.   In  this  case 
the  short  time  behavior  is  essentially  that  of  free  particles,  and 

n(r,t)  becomes 

N         ±  N 

->  r     ^  ">    Pi  r      ->-  -+    Pi 

n(r,t)  =  I    6(r-q t)  -   <  )   5(r-q.-  —  t)>   .   (3-15) 

i=l     x   m        >!  '" 
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Similarly,  the  average  <...>   reduces  to  that  for  non-interacting  parti- 
cles, and  S(Q,(j)  may  be  straightforwardly  evaluated  to  give 

.    in  .  w2 
,    v  1/2    ^2kT    Q2 

S(Q,u>)  =  SW(Q)  (^)    |  ,  (3-16) 

where  S    (Q)  approaches  unity  in  the  low  density  limit. 

At  the  other  extreme  we  may  consider  equation  (3-14)  tor  small  uj 

and  small  Q.   In  this  case  the  integration  samples  <n(r  ,  t)n (o  ,o) > 

o 

on  a  space  and  time  scale  large  compared  to  molecular  dimensions. 
According  to  Onsager  (32)  ,  under  such  conditions  the  decay  of  fluctu- 
ations should  be  governed  by  the  macroscopic  fluid  equations.   For  a 
simple  fluid  these  are  the  linear  Navier-Stokes  hydrodynami c  equa- 
tions (33), 

na'  ±  -*■ 

mass:   -^  +  p   V-v  =  o  (3-17) 

dt 

c„&rP  . 


momentum:   p  — -  +  —  Vp'  +     - —  VT 
at  j  v 


4      Hc  +  :-!„)  V2v 


(3-18) 


'3   'S    ''B 

■  nstv2v  -  v(v-v) 
il'_        (V-D  la 


i 


AV'T'  =  o   ,  (3-19) 

dt 


where  p'  and  T"  denote  deviations  from  the  equilibrium  number  density, 

p,  and  the  temperature,  T,  respectively.   The  ratio  of  the  specific 

heat  at  constant  pressure  (c  )  to  that  at  constant  volume  (c  )  is 

P  v 

denoted  by  v;  n   and  n   represent  the  shear  and  bulk  viscosities, 
respectively;  A  is  the  thermal  conductivity,  B   is  the  thermal 
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1   e)  V 

expansion  coefficient  (=   —   (—)„),  and  c   is  the  low  frequency  limit  of 

V   3  i  P        o 

IP 
the  sound  velocity  (=  v(— — )  ) .   These  equations  may  be  solved  to  find 
t)p  i 

p'(r,t)  =  T  p'(r,o),  where  T  is  used  to  symbolically  denote  the  solu- 
tion to  the  hydrodynamic  equations.  The  Onsager  assumption  then  takes 
the  form 

<n(r,t)n(o,o)>  %  T   <n(r  ,o)n(o\o)  >   .  (3-20) 

The  time  independent  correlation  function,  <n(r , o)n(o ,o) >  ,  may  be 

o     J 

evaluated  in  terms  of  the  pair  correlation  function,  as  discussed  in 
Chapter  2.   Use  of  equation  (3-20)  to  determine  S(Q,w)  known  as  the 
Landau-Placzek  procedure  (33,34),  gives 


c   -c        2A0:7pc 
S(Q,a>)   =   S(Q)  {(-£—£)  — ^-rJL— 
CP         (^-)      +  a/ 

PCP 


(3-21) 


[ LQ! _   _, mi 


(TO/)2  +    (ar+-c  Q)2  (I'O2)2  +    (w-c  0) 2 


with 


r     itlAl3    +    i  (2L.X.JJ  m 

2  p  pec 

1  v  p 

Figure  3-1  illustrates  the  qualitative  hydrodynamic  behavior  of 
S(Q,oj).   In  this  hydrodynamic  theory  of  fluctuations,  density  fluctu- 
ations can  be  described  in  terms  of  pressure  fluctuations  and  tempera- 
ture fluctuations.   The  two  hydrodynamic  modes  of  a  simple  fluid  may 
therefore  be  characterized  as  entropy  fluctuations  at  constant  pressure 
(heat  flow)  which  give  rise  to  the  central  peak  (Rayleigh  line) ,  and 
pressure  fluctuations  at  constant  entropy  (adiabatic  sound  propagation) 
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w  =  C0Q 


oj=  0 


w=+C0Q 


a) 


Figure  3-1.   Qualitative  behavior  of  the  dynamic  structure 
factor,  S(Q, id),  in  the  hydrodynamic  lirait. 
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which  are  responsible  for  the  two  shifted  peaks  (Brillouin  lines) .   Two 

side  peaks  are  observed  because  scattering  can  occur  from  waves 

traveling  with  the  same  speed  but  in  opposite  directions.   These  lines 

are  broadened  somewhat  by  dissipative  processes  which  tend  to  dampen 

the  waves  (34) . 

There  are  several  serious  limitations  to  equation  (3-21)  for 

S(Q,co)  .   In  addition  to  being  only  applicable  in  the  hydrodynamic 

region,  i.e.,  small  (Q,u>)»  there  appear  a  variety  of  parameters  in 

equation  (3-21)  whose  values  are  not  given  by  fluid  mechanics: 

these  are  the  thermodynamic  derivatives,  e.g.,  c  ,  c  ,  R  ,  c  ,  and 

p   v    1    o 

the  transport  coefficients  r\        n  ,  and  A.   While  this  severely  limits 
equation  (3-21)  in  a  predictive  sense,  it  does  have  its  advantages 
experimentally:   it  is  possible  to  extract  thermodynamic  and  transport 
properties  from  experimental  values  of  S(Q,lu)  in  the  hydrodynamic 
limit.   Experiments  (35,36,37)  have  shown  light  scattering  to  be  an 
excellent  technique  for  obtaining  values  for  the  speed  of  sound, 
c  (+  0.2%),  and  effective  for  determining  transport  coefficients 
(+  5-10%).   In  addition,  the  total  scattered  intensity  yields  the 
isothermal  compressibility  (=  —  ("r4")T)  and  the  ratio  of  the  central 
peak  to  the  two  side  peaks  (the  Landau-Placzek  ratio)  leads  to 
values  of  V. 

Additional  information  is  provided  by  the  hydrodynamic  theory 
for  S(Q,m).   In  particular  (38), 


llm  r^S(Q'^1  kT  (k    n  +nl 

0J-+O  [ -5 J  =    2  (-   T\  +    T]    ) 

_  Q  Tim        3      S  B 

Q^o 
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and 

lim  p2    kT    S    2 

uj->o    [Q2S(Q,W)]    =  -i-      ,  (3-22) 

n  71  A 

Q-K) 

which  again  place  useful  constraints  on  models  for  S(Q,w),  as  indicated 
in  the  next  section. 

3.2.3   Formal  Models  for  Liquids.   The  volume  of  experimental 
neutron  scattering  data  on  liquids  in  the  past  two  decades  prompted 
the  need  for  theoretical  models  to  analyze  and  interpret  the  data. 
The  hydrodynamic  and  free-particle  limits  just  discussed  are  in- 
appropriate as  are  the  frequency  moment  expansions.   The  reason  for 
this  is  that  the  Q  and  w  values  sampled  by  neutron  scattering  corre- 
spond to  Length  and  time  scales  of  molecular  rather  than  macroscopic 
dimensions.   There  have  been  many  suggestions  for  the  reformulation  of 
expressions  for  S(Q,w)  that  incorporate  as  much  of  the  known  properties 
of  S(Q,W)  explicitly  and  contain  the  unknown  properties  in  a  form  that 
is  hopefully  suitable  for  approximation.   Here  we  shall  mention  only 
two  such  formulations:   the  generalized  hydrodynamic  model  of  Martin 
(30)  and  Ailawadi,  Zwanzig,  and  Rahman  (39),  and  a  more  recent 
generalized  mean  field  model  developed  by  Kugler  (40) . 

The  generalized  hydrodynamic  model  is  based  on  the  assumption  that 
the  shape  of  S(Q,w)  should  be  qualitatively  that  predicted  by  the 
Landau-Placzek  solution,  but  that  the  various  constants  (sound  velocity, 
viscosity,  and  so  on)  should  be  replaced  by  functions  of  Q  and  lo,  which 
reduce  to  the  proper  constants  in  the  hydrodynamic  limit,  but  more 
generally  may  vary  with  these  variables.   It  is  possible  to  make  these 
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replacements  formally  in  such  a  way  as  to  yield  an  exact  expression 
for  S(Q,lo).   The  form  given  by  Martin  (30)  is 


s<q,„)  -  -i tm^L 


^-  eJcoT  +  -'i'    *'  -s^)^'"'^)1 


(3-23) 

where  the  real  function,  D(Q,io),  is  called  the  "damping  function".   The 
problem  now  becomes  one  of  determining  the  frequency  -  and  wavelength  - 
dependent  function  D(Q,w),  known  formally  in  terms  of  x(Q,to).   A 
phenomenological  approach  to  this  problem  is  through  the  use  of  a  dis- 
persion relation  which  insures  that  S(Q,oj)  will  have  the  correct  hydro- 
dynamic  limit.   Additional  constraints  on  D(Q,uj)  are  provided  by  the 
sum  rules  and  the  expressions  (3-22)  for  S(Q,io)  in  terms  of  the  trans- 
port properties.   In  this  way  the  damping  function  is  constrained  for 
large  qj  by  the  moment  requirements  and  yields  the  proper  transport  co- 
efficients in  the  low-frequency  and  long-wavelength  limit.   The  result 
is  an  expression  for  S(Q,oj)  which,  in  effect,  interpolates  between  the 
hydrodynamic  and  free-particle  limits  of  the  spectrum.   In  Section  3.3 
a  more  detailed  expression  for  the  damping  function  is  provided  in 
terms  of  the  collision  operator  of  the  linear  kinetic  equation  for 
S(Q,W). 

In  a  similar  spirit  Kugler  (40)  has  recently  suggested  that 
S(Q,co)  be  constructed  from  x(Q,(x>),   where  x(Q>w)  is  written  in  the  form 

x(Q.w)  =  x  (Q.w)  +  X  (Q,w)  $'(Q,oj)  x(Q.w).  (3-24) 
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This  "Dyson-like"  equation  defines  <p(Q,U))  .   Then,  using  equation  (3-7), 
S(Q,oj)  is  given  by 

_  2kT  Xp  -  <i>"(x0+x0  ) 

s(Q'w)  =  is  d+r^"^)2  +  cr^+r^    •  (3_25) 

Here,  y'  and  y"  are  the  real  and  imaginary  parts  of  the  ideal  gas 
o      o 

%       %-     'b 
function,  Y  ,  and  4'  and  <b"  are  the  real  and  imaginary  parts  of   an 
o 

effective  and  wave-number  dependent  interaction",  <p,  which  generalizes 
the  static  mean  field  approximations.   The  phenomenological  determina- 
tion   of  (}>(Q,co)  proceeds  in  a  manner  similar  to  that  for  the  damping 
function,  D(Q,w),  in  the  generalized  hydrodynamic  model.   Kugler  uses, 
in  addition  to  the  sum  rules,  empirical  data  on  S (Q ,  to=o) .   A  micro- 
scopic formulation  of  (j)(Q,(jj)  is  given  in  Section  3.3,  where  <p(Q,w)  is 
expressed  in  terms  of  the  kinetic  theory  collision  operator. 

3.3   Formal  Kinetic  Theory 

To  improve  upon  the  phenomenological  descriptions  of  S(Q,oj)  men- 
tioned in  the  last  section,  a  more  detailed  study  of  the  dynamics  at 
the  molecular  level  is  required.   In  this  section  the  formal  kinetic 
theory  for  two-point  time  correlation  functions,  similar  to  that  de- 
veloped by  Lebowitz,  Percus,  and  Sykes  (41),  and  others  (42),  is 
given.   The  results  are  exact,  although  formal,  and  therefore  place 
no  limitations  on  Q  and  lo  or  on  the  thermodynamic  state  conditions. 
In  this  sense  the  kinetic  theory  formulation  of  S(Q,co)  is  similar  to 
the  formal  models  of  the  last  section  containing  ingredients  that  re- 
quire modeling  or  a  detailed  many-body  analysis.   The  difference 
with  kinetic  theory  is  that  the  description  lies  at  a  more  microscopic 
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level  so  that  approximations  are  introduced  in  a  more  fundamental 
manner  where  they  can  be  better  controlled  and  corrected.   For  example, 
in  generalized  hydrodynamics  approximations  are  introduced  for  the 
damping  function,  D(Q,io),  a  quantity  for  which  there  is  no  simple 
physical  interpretation  or  understanding.   In  contrast,  the  corre- 
sponding quantity  studied  in  kinetic  theory  is  the  collision  operator 
representing  the  collisional  properties  in  phase  space;  whi  Le  still 
complicated,  its  structure  and  relationship  to  the  underlying  equa- 
tions of  motion  is  much  closer. 

3.3.1   Outline  of  the  Method  and  Results.   The  time-dependent 
pair  correlation  function,  G(r;t),  may  be  expressed  in  terms  of  a 
single  particle  reduced  distribution  function,  ijj    (x  ;t),  as 
follows  (43): 

G(r;t)  =  -  <n(r,t)  n(o,o)> 

P 

1        zN   1  f  N    -*   ~%    -> 

=  p  Jl   ^VCl     dxr--dxN    £  6(qi)e        n(r't} 

N>o  h  N.  Jr.  J  i=l 


G(r;t)  =  I  dx1    6(q:)  ij/^x^t)  .  (3-26) 


Here,  x.  denotes  the  position  and  momentum  of  the  i    particle,  and 
the  reduced  distribution  functions,  \p   '     (x  ,...,x  ;t),  are  defined  by 

S       ,(S)    .  ,       .  r  ZN  1  f       J  ,  "3HN  r>         . 

p      ijj         (x    ,...,x    ;t)    =      I     — -  dx         ...dx^e  n(r,t). 

b  N>S    h       (N-S)!   I«j     J         b+i  W 

(3-27) 
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(s) 
It  may  be  shown  by  direct  differentiation  that  the  ijj    satisfy  the 

BBGKY  hierarchy  of  equations.   The  first  equation  of  this  hierarchy  is 


(~  +  -±   •  VL)  \Jj(1)(x1;t)  =  p  f  dx2  612  ^(2)(l,2;t)  ,     (3-28) 

with 

812  =  -  F(l,2)  •  (Vpx  -  VP2)  .  (3-29) 


In  equation  (3-29),  F(l,2)  is  the  force  on  particle  1  due  to  particle 

2.   The  object  of  kinetic  theory  is  to  obtain  an  equation  for  the  time 
(1) 


evolution  of 


tjj    (x  ;t),  i.e., 


(f-  +  —  •  V,)  i))(1)(x  ;t)  =  CU,(1)(x  ;t)]  .  (3-30) 

dt     m     1  1  1 


Once  such  an  equation  is  obtained,  G(r,t)  may  be  computed  from  its  solu- 
tion via  equation  (3-26) . 

Equation  (3-28)  provides  the  starting  point  for  obtaining  the 

kinetic  equation  for  \jj    (x  ; t)  .  Because  of  the  special  nature  of  the 

initial  conditions  on  the  reduced  distribution  functions,  it  is 

possible  to  express  ty        (x  x„;t)  as  a  functional  of  \p        (x  ;t): 

i|,(2)(x1,x2;t)  =  Y(x1,x2;t|i|)(1)).  (3-31) 


A  study  of  this  functional  shows  that  it  may  be  split  into  two  parts, 

l/2)(x1,x2;t)  =  T(x1,x2;t=o|^(1)(t)) 

t 
+  |  dxK(x1,x2;t-T|^(1)(T)),  (3-32) 
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where  the  first  term  on  the  right  side  may  be  evaluated  explicitly  in 

terms  of  the  equilibrium  properties  of  the  fluid,  e.g.,  g(r).   Substi- 

(2) 
tution  of  equation  (3-32)  for  (j;    into  equation  (3-28)  gives  the  de- 
sired kinetic  equation, 


(|r  +  —  •  $,)  i/1}(x  -t)  =  B[^(1)(t)]  +   dx  M(t-x|^(1)(T)) 

at  m    1         1 


(3-33) 


with 


B[ij;(1)(t)]  =  |  dx2  012  ^(x1,x2;t  =  o|(^(i)(t)) 
and  (3-34) 

M(t-T|iJj(1)(T))  =    I  dx2  912  K(x1,x2;t-i|.j/1)(T)). 


The  dynamic  structure  factor  may  now  be  obtained  from  equations 
(3-34)  and  (3-26),  with  the  result 

S(Q,oj)  =  2  Real{   dp""  [-ito  +1^  -  B  -  '*]_1  f  (p)  S(Q)}, 


(3-35) 

where  B  and  M  denote  the  Fourier-Laplace  transforms  of  the  operators  B 
and  !!,  respectively.  The  operator  B  is  found  to  have  the  structure  of 
a  Vlasov  integral  operator,  so  that  equation  (3-35)  may  be  further  re- 
duced to 

S(Q,uj)  = ' ■ .(3-36) 

pW   [l-kTC(0)l'(Q,oj)]2  +  [kTC(Q)I"(Q,u))]2 

Here,  C(Q)  is  the  Fourier  transformed  equilibrium  direct  correlation 
function  and  i"  and  I"  are,  respectively,  the  real  and  imaginary  parts 
of  the  function 
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l(,}')Efcf   :.ip!-i:.  I-  i  ^  -  M(Q,co)]-1  i  %£  f  (i  ).    CM/! 


Equation  (3-36)  is  the  main  result  of  the  kinetic  theory  formulation; 
it  is  similar  to  the  formal  models  for  liquids,  e.g.,  generalized  hydro- 
dynamics, in  that  it  is  expressed  in  terms  of  a  single  function,  in 
this  case  1(0, uj) ,  still  to  be  determined.   However,  a  more  detailed 
representation  of  I(Q,u)  is  provided  through  (3-37).   In  particular, 
approximations  to  I(Q,to)  may  be  obtained  on  a  microscopic  basis  through 
approximations  to  f'(Q,uj). 

3.3.2   Derivation  of  the  Formal  Kinetic  Equation.   It  can  be  seen 
from  equation  (3-27)  that  the  functions  ijj    (x  ,  .  .  .  ,x  ;  t)  satisfy  the 
usual  BBGKY  hierarchy  of  equations,  the  first  two  being 

h*(1)   +V~i-    V^(1)  =P  jux2012^(2)(x1,x2;t) 

(3-38) 
and 

|^  >j>(2)  +  l(i,2)  ,|/2)  =  p  |  dx3[e13  +  e23]  4'(3)(xrx2,x3;t)  , 

(3-39) 
with  the  two-particle  operators,  0    and  L(l, 2),  defined  as 

912  E  tV(qi2)]  '  (V"P1  "  ^p2} 

and  (3-40) 

Pl   *     P2   -* 
L(l,2)  =  -±   •  tf  +  -±   •  V   -  0._   . 
m    1    m    2    12 
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Here,  cf>(q   )  is  the  pair-potential  between  molecules  1  and  2,  V.  de- 
notes the  gradient  with  respect  to  r . ,  and  Vp .  denotes  the  gradient 
with  respect  to  p . .   In  equation  (3-38), 

1    Pi    -> 

t~-  +  -r  •  V,  ] 

d  t     111     1 

represents  the  change  in  ip        (x ,; t)  associated  with  the  free-streaming 
of  a  single  particle,  while  the  right-side  of  equation  (3-38)  is  that 
contribution  to  the  change  in  ip    due  to  two-body  correlations.   For 
convenience,  equation  (3-38)  is  written  as 


1  1    ->  (1)  HI 

[-ioi  +  —  •  Vj  \i>      J  (x-,ui)    =  if/  ;(x  -t=o) 
ml        I  1 


I  .  ;  dx2  812  ^(2)(x1,x2;a))  , 


(3-41) 


where  the  Laplace  transform, 


*(1)(xi;o))  E  f  dt  eiwt  ^(1)(xi;t)  ,  (3-42) 


has  been  introduced.   A  similar  expression  for  the  transform  of  ;j 

(3) 
(Jj    ,  etc.  ,  exists. 


(2) 


Equation  (3-41)  is  not  useful  as  it  stands  since  it  does  not  form 
a  closed  expression  for  tji    (x ,;t).   However,  as  noted  by  Lebowitz, 
Percus,  and  Sykes  (41),  the  functions  ip    (x.,...,x  ;t)  are  linear 
functionals  of  the  single-particle  function  6(r-q  ) .   To  see  this,  we 
write  ijj    (x,  ;w)  and  \p        (x  ;x  -oj)  as 

ip(1)(x  ;u>)  =  f  dt  eiut  {i  j   N  f  dx   .  .dx  e   N  i    [1+  )   P   ]  }6(?-q  ) 
J  0         P  M2?   J  S    i=2 

(3-43) 
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and 

i]/2)(x     x    ;u>)    =    f   dt   eiU3t    {^2    I  N(N-l)     [  dx        .dxe     N      f    [1+  f   P      ]} 
I  0  M  N>3  J  1=2 


x  S(r-q])   ,  (3-44) 

N       h      ^ 

iLNC 

Also,  e     is  the  N-particle  time  evolution  operator,  where  L   is  de- 

N 

fined   as 

N     P-        a  N     ad  a 

N    =    1L.^    m      *    3q\         /.     3q\    '    3p.  '    ' 
1=1  i         i=l      Mi  *i 


and  the  permutation  operator  is  defined  such  that 


h(x.)  =  P.  .h(x.)  .  (3-46) 

1  Ji    i 


By  defining 


f  f  iLNt       N 

U(x  ;U)  =-    dt  e1U)t  I   N   dx    dx   e   N  f  [1+  £  P   ] 

p      J  „  N>2      J  N        1=2 

and  (3-47) 

f°°  f  iLNC  N 

U(x      x    ;u)     =-2        dt    eiaJt      £n(N-1)         dx  dx      e      N      f    [1+    £p      ]    , 

1  P      J0  N>3  J         ^  w  N        i=2 

we   see    that 

i|)(1)(x1,w)    =  U(x     oi)    6(?-q1)  (3-48) 


and 


ip(2)(x  ,x2;o))    =  U(x1,x2;u)    SC?-^)    .  (3-49) 
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By  writing 

5(r-qx)  =  U_1(x1;w)  ^(1)(x1,oj)  ,  (3-50) 

"*"  "*  (2) 

and  substituting  for  6  (r-q  )  into  equation  (3-49)  for  iJj    (x  ,x  „;(o),  the 

latter  may  be  expressed  as  a  linear  functional  of  ij)    : 

i)j(2)(x1,x2;a))  =  Y(2)(x1,x2;w|^(1)(uO)  ,  (3-51) 

with 

(F(2)(x1,x2;oj|ij/1)(oj))  =   U(x1,x2;u)  if^x  ;w)  i|i(1)  (x^w)  .  (3-52) 

(2) 
Substitution  of  this  result  for  ijj     into  the  first  equation  of  the 

BBGKY  hierarchy,  equation  (3-41),  gives  the  desired,  formal Ly  exact, 

closed  kinetic  equation: 

[-ioi  +  —   •    Vxj    iji(1)(x1;a3)    =   !j;(1)(x1;t=o)  (3-53) 

dx2    812   T(2)(x1,x2;to|^(1)(u))    , 

where  the  initial  condition,  i(j    (x  ;  t=o) ,  is  determined  from  equation 
(3-27)  (for  t=o)  to  be1 

^(1)(xi;t=o)  =  fo(Pl)[6(qi)  +  p(g(r)-l)]  .         (3-54) 

Here,  f  (p  )  is  the  Maxwell-Boltzmann  distribution  function, 

fo<*>  =  %ukr>3/2  e"  2mkT      •  ^ 


For  self  correlations, 


^(1)(Xl;t=o)  =  fo(Pl)6(qj). 
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It  is  useful  to  express  the  time  correlation  functions,  in  so  far 
as  possible,  in  terms  of  the  static  correlations,  which  are  assumed  to 

be  known.   This  is  accomplished  by  separating  explicitly  the  t=o  (uj=°°) 

(2) 
limit  of  ip    (x  ,x  ;ui): 

(2)  (2)  i  (1)  (2)  i  (I) 

4/Z;(xrx2;w)  =  fVZ;(x1,x2;t=o|lJ;U;(to))  +  P^  (x^x^wl^  (u)  ) , 

(3-56) 
,(2),      .,,(1) 


wh 


ere  P    (x  ,x„;u)|iJj    (to))  is  defined  formally  (see  equation  (3-52)) 


P(2)(x1,x2;w|iJ;(1)(a)))  =  [UCx^x^co)  U_1(x  ;u) 

(3-57) 
-  U(Xl,x0;t=o)  if^x  ;t=o)]  i|j(1)(x]  ;(.)). 

It  should  be  noted  that  equation  (3-56)  is  the  Laplace  transform  of 

equation  (3-32),  thereby  establishing  that  result. 

The  t  =  o  functional,  H1  ""  (x  ,  x  ;  t=o  |  ip    (u>) )  ,  is  obtained  directly 

(see  Appendix  B  for  details)  by  considering  equations  (3-47)  and  (3-52) 

with  the  result 

f(2)(Xl,x 9;t=o|.|/1)(u))  =  g(q   )  [f  (x  )  ^j(1)  (x  ;a>) 

I   Z  l/oi        _  (3-58) 

+  fQ(x2)  ij;(1)(x1;to)]  +  p  fo(xL)  f q(x2)  J  dx3  fCq^q^q^  i/^x^oj) 

where  g(q   )  is  the  pair  correlation  function  for  molecules  1  and  2 
separated  a  distance  q,?-   The  equilibrium  function  f(q  , q  ,q  )  is  de- 
fined by 


f(q1,q2,q3)  =  H(qi,q2,q3)  -  p    dq^I(qi,q2,q3)C(q3  -  q^)  ,      (3-59) 
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where 


H(q1,q2,q3)  =  h^,^,^)  -  hOq^Mq^)  -  h(q12)h(q23 )  ,     (3-60) 

C(q)  is  the  direct  correlation  function,  and  h(q  ,q  ,q3)  is  related  to 
the  equilibrium  two-  and  three-particle  correlation  functions  (44)  by 


;(ql2)  =  h(ql2)  +  i 


and 


(3) 


gK    '    ■  h(q1,q2,q3)  +  h(q12)  +  "(q^ 


(3-61) 


(3-62) 


+  h(q23)  +  1  • 

Hence  we  see  that  the  t  =  o  functional,  H'    (x  ,x? ;  t  =  o  |  \\>        ),  is  entirely 
determined  by  the  two-  and  three-particle  equilibrium  correlation  func- 


The  result,  equation  (3-58),  may  be  used  in  equation  (3-63), 


(1) 


,(2) 


(1) 


B[l|T  %)]  =  p   dx2  812  H'^;(x1,x2;t=o|i|/  '(a))),     (3-63) 

where  B[i|j    (a))]  is  the  mean  field  contribution  to  \\i   "    (x^.x^t)  and  is 
given  by  (see  Appendix  B) 


(1) 


1 


(1) 


B[i|/X;(ui)]  =  p  fQ(Xl)  -i  •  Vx   dx2  C(q12)  i|/x'(x2;u>)  ,     (3-64) 

to  yield  the  following  formal  kinetic  equation  for  the  single-particle 
reduced  distribution  function: 

P-i  _*.  (I)  (I) 

[-ioj  +  —   •   V.-B]    i|T    '(x   ;ui)    =   \\i        (x    ;t=o) 
m  1  r  J- 

(3-65) 


+   p    I    dx2    912  P(2)(x1,x2;cj|tJ;(1)(u.)) 


where  "V  denotes  the  transformed  quantity 


yd),-*  n     n  _  f  ,„  iut    {    ,-+      -iQ-r  ,(l),->-*   . 
i(j    (p;Q,oj)  =   dt  e      dr  e      ipv   (p;r,t) 
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Fourier  transforming  equation  (3-65)  yields  the  final  result: 

[-iu  +  i  SlE  _  5  _  M(Q,u))]  '^(1)O;Q,(,0  =  S(Q)  f  (P)   ,      (3-66) 


and  S(Q)  f  (p)  is  the  Fourier  transform  of  ijj    (x  ;t=o)  (see  equation 
(3-54)).   Here,  C(Q)  is  the  Fourier  transform  of  the  direct  correla- 
tion function  and  is  related  to  the  static  structure  factor  through 
equation  (3-67) : 

CW)  -  ^>g        .  '        (3-67) 

A  formal  solution  for  ip        (p;Q,tu)  in  terms  of  the  collision 
operator,  M(Q,oj),  begins  with  Fourier  transforming  equation  (3-64)  for 
B[-]  and  substituting  the  result  into  equation  (3-66): 

[-loj  +  i  ^-  -  M(Q,oj)]  $(1)(p;Q,oo) 

m 

=  S(Q)  fQ(p)  +  p  fo(p)C(Q)  1(^  f  dp2  J(1)(p2;Q,u)).  (3-68) 

By  integrating  equation  (3-68)  over  momentum,  and  solving  for 
dP2  i>        (p^9;Q»to),  one  finds 

m  1  -  —  I(Q,w) 

dp   ^(p;q„o)  --^S(Q)  [j   _   kTg(Q)1(Q>tt))l   .      (3-69) 

where  I(Q,oj)  is  a  function  of  the  collision  operator  (see  equation 
(3-37)).   Substitution  of  equation  (3-69)  for    dp  \p        (p;Q,w)  into 
equation  (3-68)  yields  the  desired  result: 
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$(1)(p;Q,to)  =  R(p;Q,a>)  fQ(P)  S(Q)  F(Q,w)  , 

kT 


F(Q,w)  =  1 


iC(Q) 


(i^)  [ 


_e. 


KQ,u) 


1  -  kTC(Q)  I(Q,(j) 


(3-70) 


R(p;Qiu)  =  t-iw  +  i 


5-P 


M(Q,w) 


Since  the  dynamic  structure  factor,  S(Q,cj),  is  the  Fourier-Laplace 
transform  of  G(r;t),  and  G(r;t)  is  given  as  an  explicit  function  of 
ty        (p;r,t)  in  equation  (3-26),  equation  (3-69)  then  yields: 

2kT  I"(Q,co) 


S(Q,w)  = 


rr  ■    (3-71) 


pco   [1  -  kTC(Q)  I'(Q,a>)r  +  [kTC(Q)  I"(Q,w)] 

Here,  I'(Q,co)  and  I"(Q,w)  are,  respectively,  the  real  and  imaginary 
parts  of  I(Q,u))-   Equation  (3-71)  exposes  the  dependence  of  S(Q,ui)  on 
the  initial  correlations  (through  C(Q)).   The  initial  dynamics,  i.e., 
the  contribution  to  S(Q,oj)  when  M(Q,oj)  =  0,  may  be  extracted  from 
KQ.lo)  by  writing 


with 


and 


KQ,w)  =  I  (Q,u>)  +  lc(Q,w)  . 

i^-P 


(3-72) 


I  (Q,u>)  5  -==■   MP 

o        mkT 


-io)  + 


& 


-   f  (P) 


(3-73) 


•p,-l 


I  (Q,o>)  E  -f=7    dp(-iaj  +  i  ^f)   M(Q,w)R(p;Q,oj)  iO-p  E  (p) 

The  collisionless  part,  I  (Q,w) ,  may  be  calculated  in  terms  of  the 
plasma  dispersion  function  (45)  ,  and  all  the  collisiona]  effects  on 
S(Q,co)  enter  through  the  single  function  1  (Q,(jj). 
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3.3.3   Generalized  Enskog  Models.   The  evaluation  of  S(Q,u)  via 
equation  (3-71)  requires  that  the  collision  operator,  M(Q,w),  be 
known.   In  general,  the  determination  of  M(Q,w)  is  a  complex  many- 
body  problem  to  which  a  great  deal  of  attention  is  presently  being 
directed.   Unfortunately,  detailed  knowledge  of  M(Q,u)  for  general 
central  potentials  has  been  obtained  only  for  the  rather  academic 
case  of  weak  coupling  (expansion  of  M  to  second  order  in  the  poten- 
tial) or  the  more  realistic  but  restrictive  case  of  a  dilute  gas. 
For  dense  gases,  or  even  moderately  dense  gases  (such  as  those  cor- 
responding to  the  experimental  conditions  of  this  thesis)  much  less 
is  known  beyond  such  general  properties  as  the  sum  rules  similar  to 
those  discussed  in  Section  3.2.1,  conservation  laws,  etc.   An  excep- 
tion, however,  is  the  special  case  of  a  fluid  interacting  via  a  hard 
core  potential.   A  hard  core  potential  is  defined  to  be  one  such  that 


>(r)  =J 


4>  (r)  ,   r  >  r 


where  <f>  (r)  is  an  arbitrary  continuous  function  of  r.   Two  examples 

to  be  considered  in  Chapter  7  are  the  hard  sphere  potential  (ij>  =o) 

ro  6 
and  the  Sutherland  potential  (i,      =  -e  ( — )  )  .   Because  the  hard  core 

c        r 

collisions  require  essentially  zero  time  to  complete,  the  short  time 
behavior  of  the  kinetic  equation  contains  many  of  the  coliisional 
effects  which  would  require  a  finite  time  to  develop  for  the  case  of 
a  system  with  purely  continuous  potentials.   Furthermore,  the  short 
time  behavior  of  the  hard  core  system  may  be  calculated  exactly, 
without  any  limitations  on  the  density.   It  may  be  obtained  just  as 
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has  been  described  in  Section  (3.3.1),  evaluating  the  t=o  two-par- 
ticle functional  (Y  "  (x  ,x2 ;  t=o|  ijj    ))  with  close  attention  to  the 
changes  due  to  a  discontinuous  potential.   The  exact  kinetic  equa- 
tion then  has  the  form  (41) 

(.lu  +  tM  ,  .a,  _  iM  fo(p,  [c(o, -8(Vco(o), 

*  J  dp  'j-;(1)  (p;<$,u)  =  fQ(P)  S(Q)  +  MEtQ|^(1)]     (3-74) 

+  AM[Q,W|'|(1)]   , 


where  g(r  )  is  the  equilibrium  pair  correlation  function  at  hard 
sphere  diameter,  r  ,  and  C(Q)    and  C  (Q)  are,  respectively,  the  hard 
core  direct  correlation  function  and  the  low  density  hard  sphere 
C  (Q) .   The  Q-dependent  "Enskog"  collision  operator,  M  (Q) ,  is  inde- 
pendent of  frequency  and  defined  by 

ME[Q|*(1)]  =  p  g(rQ)  |  d?2  |  dfi   (~~ )'ro  [fQ(p2)  iKPl) 

.fn        i^-r        (1)       -iQ-? 
-fo(p20  3;U;(P£)  +  e    °  fo(pr$  (p2)  -  e     °  fo(p£)  ^(1)(p2)], 

(3-75) 
where  p  and  p '  are  the  pre-  and  post-collision  momenta  for  collisions 
at  the  core,  respectively,  and  the  prime  on  the  fi-integration  denotes 
a  restriction  to  the  forward  hemisphere.   The  phase  factors 
exp[+  iQ.r  ]  arise  from  non-local  spatial  effects  in  collisions  be- 
tween particles  of  finite  size.   Finally,  AM  denotes  the  contribution 
to  the  collision  operator  from  particles  scattered  by  the  continuous 
part  of  the  potential,  $  (r),and  collisions  occurring  over  a  finite 
time.   The  significant  aspect  of  equation  (3-74)  is  that  with  the 
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neglect  of  AM,  the  equation  is  as  tractable  as  the  ordinary  Boltz- 
mann  equation  for  hard  spheres.   The  name  "generalized  Enskog"  equa- 
tion is  chosen  because  the  collision  operator  M„  reduces  tor  hard 

E 

spheres  (<)>  =o)  to  that  written  down  by  Enskog  (46)  in  an  attempt  to 

extend  the  Boltzmann  equation  to  higher  densities  (indeed,  for 

hard  spheres  the  low  density  limit  equation  of  (3—74)  is  precisely 

the  linearized  Boltzmann  equation) . 

The  hard  sphere  Enskog  equation  is  known  to  predict  fairly  good 

transport  coefficients  for  moderately  dense  gases,  with  r   as  an 

o 

adjustable  parameter  to  simulate  real  (e.g.  Eennard-Jones)  potential 

models.   The  density  dependence  is  represented  fairly  well  in  such 

calculations  although  the  temperature  independence  of  g   (r  )  in  M 

is  an  obvious  shortcoming.   Much  less  is  known  about  the  use  of  other 

hard  core  potentials.   However,  the  presence  of  a  non-zero  i>      does 

c 

give  rise  to  a  temperature  dependence  beyond  that  of  the  ideal  gas. 
Regarding  equation  (3-74)  ,  the  effect  of  tf>  i  appears  in  two  distinct 
places.  The  first  is  to  give  rise  to  additional  collisional  effects 
in  AM.   In  addition,  however,  $      can  also  change  considerably  the 
value  of  C(Q)  in  the  mean  field  operator  and  g(r  )  in  the  Enskog 
operator.   Eurther  discussion  of  the  importance  of  <fi  (r)  is  given  in 
Chapter  7  where  the  generalized  Enskog  models  are  used  to  analyze 
the  experimental  data. 
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3.3.4   Connection  with  Liquid  Models.   In  Section  3.2,  models 
(e.g.,  equations  (3-23)  and  (3-25))  were  presented  for  the  dynamic 
structure  factor,  S(Q,co),  which  incorporate   as  much  as  possible  of 
the  known  properties  of  S(Q,oj)  explicitly  and  which  contain  the  un- 
known behavior  in  frequency-  and  wavelength-dependent  functions 
(e.g.,  D(0,to)  and  $(Q,w)).   The  kinetic  theory  developed  in  the 
present  section  for  two-point  time-correlation  functions  resulted  in 
equation  (3-71),  a  formally  exact  expression  for  the  dynamic  struc- 
ture factor  in  terms  of  the  collision  operator,  M(Q,cj),  representing 
the  collisional  properties  in  phase  space.   The  following  relates 
M(Q,to)  to  the  damping  function,  D(Q,w),  appearing  in  the  hydro- 
dynamic  theory  for  S(Q,a>),  and  the  "effective  frequency  and  wave- 
number  dependent  interaction,"  <J)(Q,lo),  of  Kugler's  model. 

Begin  by  defining  a  comple;:  function,  o£)(Q,  oj)  ,  as 

oO(Q^)  =  lim   f  dzMQ^I   .  (3_76) 

—CO 

From  the  relationship 

£+  [^> =  £+  it^fVf1  + '  l™+  'mh.-1'   (3-77) 

and   the  definition   of    the    5-function, 

6(x)  E  i  lim   [-j-^ — d   ,  (3-78) 

e->o 


3  (Q,  03) 


we  see  thatJl (Q ,  (w    becomes 


^(Q.oO  =  if-    ^^  +  lDCQ.uO   .  (3-79) 

Equation  (3-23)  for  S(Q,w)  can  therefore  be  written  as 
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s(q,U)  -^      -  - "q^(Q>") 


,iJ&1      (a)2    "      BmS(Q)+  wQ2«#(Q»u>>2   +    (u)Q2^'(Q,u))2 

(3-80) 
or,  equivalently, 

S(Q,W)  =  -  |g  Im  [U2  -  iJ^f  +  .Q^CQ,.)]-1    ,      (3-81) 

where  Im  {...}  denotes  the  imaginary  part  of  {...].   In  equation  (3-80) 
^(Q,w)  andRL'(Q,w)  are,  respectively,  the  real  and  imaginary  parts  of 
^(Q,w).   Equating  equations  (3-81)  and  (3-71)  then  yields  D(Q,u>)  in 

terms  of  the  collision  operator: 

,T  V^  I"(0,w) 

D^>  =  ;  l(n^    [     vt ° tr ]   '   (3_82) 

po)S(Q)      _  kT        2  +  (kT  r       2 

P  P 

where  I'(Q,w)  and  I"(Q,u)  have  been  previously  defined  (see  equation 

kT  ^" 
(3-37))  in  terms  of  M(Q,W),  and  v   is  the  thermal  velocity,  ( — )  2. 

To  express  4>(Q,oj)  in  terms  of  the  collision  operator,  we  note 

that  equation  (3-24)  can  be  rewritten  as 

X  (Q,w)  -  x(Q,u) 
&(Q,a>)  =  — — ,  (3-83) 

x0(Q,"0  x(Q»u) 

where  the  ideal  gas  (i.e.,  <|)(q   )  =  0)  value  of  x(Q>w)>  X  (Q,^>)    is 
given  by 

X  (Q,w)  =  I  (Q,u),  (3-84) 

with  I  (Q,w)  defined  in  equation  (3-73).   Also,  from  equations  (3-9) 
and  (3-6)  it  may  be  verified  that 
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X<Q.«)  =  I m^L- 1  (3-85) 

1  -  kT  C(Q)  I(Q,u) 


Use  of  this  in  equation  (3-83),  then  yields  the  desired  result: 

7(0    )  -     c«»  Ic(Q,M)  n  86) 

o 
where  I  (Q,w)  is  defined  in  equation  (3-73). 

There  are  many  other  exact  representations  for  S(Q,w)  that  have 
been  discussed  and  compared  elsewhere  (47) .   In  practice  the  utility 
of  these  expressions  depends  upon  the  judicious  choice  of  an  unknown 
function,  e.g.,  D(Q,w)  in  equation  (3-23)  or  (j>(Q,u))  in  equation  (3-25), 
The  advantage  of  the  kinetic  theory  approach  is  that  it  provides  more 
details  of  the  structure  of  these  functions,  e.g.,  equations  (3-82)  or 
(3-86),  before  approximations  need  to  be  introduced.   Of  course,  the 
collision  operator,  M(Q.to)>  is  still  only  defined  formally,  but  many 
of  its  exact  properties  (sum  rules,  connection  with  hydrodynamics, 
conservation  laws)  are  known  (48)  and  it  may  be  expected  that  simple 
models  for  M(Q,iu)  (in  phase  space)  may  yield  considerably  more 
sophisticated  results  for  D(Q,w)  or  <j>(Q,io)  than  modeling  these  func- 
tions directly.   For  example,  M(Q,u>)  is  known  to  be  independent  of 
the  frequency  for  small  m  and  vanish  for  large  co.   Any  model  for 
M(Q,w)  preserving  this  property  will  automatically  yield  an  approxima- 
tion for  S(Q,w)  that  interpolates  from  the  free-particle  to  the  hydro- 
dynamic  limits,  provided  M(Q,to)  contains  the  hydrodynamic  subspace 
exactly. 
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3.4   Triplet  Correlations  a nd  the  Isothermal  Pressure  Derivative  of 
S(Q,gj)   "  "  " 


Recently,  Egelstaff,  Gray  and  Gubbins  (49)  have  pointed  out  that 
the  measurement  of  the  dynamic  structure  factor,  S(Q,w),  may  provide 
important  constraints  on  the  time-dependent  triplet  correlation 
function,  G  (r^o,r"  ,o; r  ,  t) .   They  show  that 

3S(0,„)    f  .   iwt  [  .,+  +«  -iQ.(r-?')  3C2(r;o;rtt) 

— a! —  =     dt  e  d(r-r  )e  ~^ — 


and 

,)G9(r,'o;r',t) 
pkT      —7^ =  |  dr"  [G3(r;o;r',*o,r,t) 


(3-87) 


-  G2(r;o;r','o)  G^r  ,'o;r ,  t)  ]  ,  (3-88) 

where  G  (r ^o; r" ,r , t)  is  defined  as 

G  (r;o;r",r,t)  =  -  <n(r,'o)  n(r",o)  n(r,t)>  .      (3-89) 

Equations  (3-87)  and  (3-88)  provide  the  connection  between  the  measura- 
ble property,     i'    ,  and  the  triplet  function  G  (r  ,'o;r",o;r ,  t)  .   In 
or  J 

this  section  the  formal  kinetic  theory  of  Section  3.3  is  applied  to  the 
two-time  three-space  point  correlation  functions,  of  which  G_  (r  J'o  ;r"  ,o; 
r,t)  is  a  special  case.   The  isothermal  pressure  derivative  of  S(Q,oj), 
obtained  by  direct  differentiation  of  equation  (3-71)  for  S(Q,w),  is  de- 
rived and  presented  in  a  form  suitable  for  the  introduction  of  phenom- 
enological  models  for  the  dynamic  structure  factor. 

To  obtain  maximum  generality,  correlation  functions  of  three 
phase  variables  A,  B,  and  Y,  will  be  considered,  where  A,  B,  and  Y  are  of 
the  form 
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N  N 

A(t)  =  I      a(x.)  -  <  I      a(x.)  >  ,  (3-90) 

1=1    X      1=1    X 

etc.   The  two-time  three-space  correlation  function  is  defined  as 

F(t)  =  i  <A(o)  B(o)  Y(t)>   .  (3-91) 

Of  special  interest  is  the  case  where  A,  B  and  Y  are  local  number 
densities;  in  particular,  the  function  G„(r^o;r" ,o ;r , t)  is  obtained 
when  a(x.)  =  S(r'-q,),  b(x.)  =  6(r"-q\),  and  y(x  )  =  6(r-q  ) . 

Ill  1  1  x 

With  the  definitions  for  i|T  s)  (x  ,  .  .  ,xp;  t)  ,  (=1,  t  =2)  ,  and  use 
of  equation  (3-90)  for  A,  B,  and  Y,  the  correlation  function  F(t) 
may  be  expressed  as 

F(t)  =  f  dxx  a(xx)  b(xL)  i^(1)(xL;t) 

f  (2) 

+  p   dx  dx2  a(xx)  b(x,;)  [(JT   (x^x^t) 

-  fo(Xl)  ^(1)(x2;t)  -  fQ(x2)  lJ;(1)(x1;t)].     (3-92) 

There  are  several  important  features  concerning  equation  (3-92)  for  F(t) 
First  we  note  that  the  two-time  three-space  correlation  function  is 
determined  completely  by  terms  appearing  in  the  expression  for  the  two- 
time  two-space  correlation  function.   Also,  the  exact  functional  form 
of  ¥(x  ,x  ;t=o|ij)    (t))  is  known  (Appendix  B  or  equation  (3-58))  so 
that  F(t)  may  be  expressed  entirely  in  terms  of  ijj    (t)  ,  equilibrium 

correlation  functions,  and  K(x.,x-; t-t| .) .   Substituting  equation 

(2) 
(3-32)    for   t|T      (x ,,x9;t)    into   equation    (3-92)    yields 
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F(t)  =  f  dxx  a(xx)  b(xx)  (Jj(1)(x1;t) 

+  P  I  dxx  dx2  a^)  b(x2)  [H,(2)(x1,x2;t=o|,/1)(x1;t)) 

-  fQ(Xl)  ij;(1)(x2;t)  (3-93) 

t 

-  W  *    U^t)]  +  p  I  dxx  dx2  a(x1)  b(x2)  f  dx 
x  K(x1,x2;t-T|il/1)(x1;t). 


Furthermore,  for  short  times  F(t)  can  be  calculated  without  considera- 
tion of  the  form  of  K^  ,x  ;  t-T  |  . )  ,  since  the  last  term  in  equation 
(3-93)  vanishes  for  short  times.   Also,  for  short  times  the  kinetic 
equation  for  ty        (x  ;t)  simplifies  to  the  Vlasov  equation 

[ft  +5  *  ^  "  B]  ^^r^    =   °   >         (3-94) 

where  the  Vlasov  operator,  B,  is  given  by  equation  (3-64).   Equation 
(3-94)  may  be  solved  exactly  for  use  in  the  first  three  terms  of 
equation  (3-93).   This  short-time  result  for  F(t)  neglects  collisions 
responsible  for  finite  momentum  transfer  and  is  therefore  not  ade- 
quate for  times  greater  than  (or  on  the  order  of)  a  typical  collision 
time.   True  collisional  effects  require  detailed  knowledge  of 
K(x  ,x2; t-T | •)  .   The  latter  is  defined  formally  through  equation  (3-32), 
so  that  equations  (3-65)  and  (3-93)  form  a  closed  expression  for  the 
(two-time  three-space)  triplet  correlation  function. 

Evaluation  of  equation  (3-32)  to  give  an  explicit  form  for 
K(x1,x2; t-T  |  •)  is,  in  general,  quite  difficult,  depending  on  the  system 
being  considered.   For  weakly  coupled  or  dilute  fluids,  small  parameter 
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expansions (50)  are  straightforward.   The  low  density  Boltzmann  limit 
of  F(t)  may  be  obtained  directly  from  the  low  density  limit  of 
K(x  ,x  ; t-t | • )  and  that  of  the  equilibrium  correlation  functions, 
e.g.,  g(r),  with  the  result  (A3) 

FQ(t)  =  J  dx1  a(xx)  b(x]_)  s|;(1)(x1;t) 

(3-95) 
+  p  [  dx]  ^(1)(Xl;t)  r~1(pi)tJ[a(x1),b(x2)]  , 

where  \p        (x  ;t)  satisfies  the  kinetic  equation 

f-^-H^.  V,  *(1>  =P1[^(1)]  .  (3-96) 

dt         m    1 

Here,  the  operators  J  and  I,  the  non-linear  and  the  linearized  Boltz- 
mann operators,  respectively,  and  are  defined  by 


and 


J[a(x1),  b(x2)]  E   dx2  6l2jj(l,2)  fo(T';L)fo(P2) 

x  [a(x  )  b(x2)  +  a(x2)  b^)]  ,  (3-97) 


Ity(1)]  E  [  dx2  612J(1,2)  [f0(Pl)  i|'U)(x2;t) 


+  f  (p  )  l|J(1)(x1;t)]  . 
o  J.  1 


In  equations  (3-97)  and  (3-98)  ,V  (1,2)  is  defined  by 


(1,2)  E  lim  S   (1,2)  S  (1,2)  ,  (3-99) 

where  S  (1,2)  is  the  time  development  operator  for  two  particles, 
according  to  Hamilton's  equations  of  motion  with  interaction  0 ^ 1 1  o ^ ' 
and  S  (1,2)  is  the  corresponding  operator  without  interaction  (51). 


80 

The  appearance  of  the  non-linear  operator,  J,  is  a  significant  dif- 
ference from  the  kinetic  theory  results  for  two-point  correlation 
functions . 

The  general  result,  equation  (3-93),  simplifies  somewhat  for  the 
special  case  of  G  (r  ",o;  r"  ,o;  r ,  t)  .   This  triplet  function  is  obtained 
using  a(x.)  =  6(r-q.),  b(x.)  =  6(r"-q.),  and  y(x.)  =  6(r-q.),  with 
the  result 


G3(r;o;r",o;r,t)  =  6(r'-r")  G  (r^o;r,t) 


+  ph(r'-r")  [G2(r",o;r,t)  +  G2(r,'o;r,t)] 


+  p2  [  dr' ""  f(r,V,r'")  G  (r";o;r,t) 

+  p  I  dPl  dp2  I  dT  K(x1,x2;t-T|i|/1)(T))  .        (3-100) 


The  t=o  limit  of  G„  is 


G  (r,"o;r",o;r,o)  =  6(r"-r")  G„(r,'o;r,o) 


+  ph(r"-r")  [G  (r",o;r,o)  +  G2(r,'o;r ,o)  ] 


+  p2  I  dr""  f (?;?",?"""')  G  (r'",o;r,o)  .       (3-101) 


This  result  may  be  used  to  simplify  the  first  three  terms  in  equation 
(3-100).   To  do  this,  define  an  inverse  to  G.?(r  ,"o;  r  ,o)  by 

dr"  G2(?,'o;r",o)  G~1(?,,,o;?,o)  =  iSCr'-r)  .     (3-102) 

Then,  equation  (3-100)  may  be  written  as 
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G_(r1o;r",o;r,t)  =   dr  dr  G~(r^o;r",o;r  o) 

x  G2  (r  ,o;r  ,o)  G2(r  ,o;r,t) 

t 

+  p  I  dp1  dp2  I  dT  K(x1,x2;t-T|<|/1)(T)).  (3-103) 

o 

The  first  term  on  the  right  side  of  equation  (3-103)  is  what  one  might 
reasonably  guess  as  a  convolution  approximation  to  G_,  relating  it 
to  G„(r^o;r,t).   Since  this  expression  is  exact  at  t=o,  such  a  guess 
would  satisfy  the  lowest-order  sum  rule  for  G  .   The  inverse  function, 
G„  ,  is  found  to  be  (see  Appendix  C) 

G~  (r;.o;r,o)  =  5(r'-r)  -  pC(r'-r)  ,        (3-104) 

where  C(r)  is  the  direct  correlation  function. 

To  calculate  — r —  ,  it  is  useful  to  take  the  transform  of 

aV 

equation  (3-103)  with  respect  to  space  and  time, 

G*3  (§,'$;  w)  =  G3(QrQ;t=o)  S_1(Q)  S(Q-,u) 

,  i^'.(q  +q  )  +  iQ-q 

+  p   dxx  dx2  e      L      L  PU;(x1,x2;u)U'  '), 

where  S(Q)  and  C(Q)  are  related  through  equation  (3-67). 

Finally,  the  pressure  derivative  of  S(Q,oj)  follows  from  equations 
(3-105),  (3-87)  and  (3-88): 


3P  S(Q'u)  "  (  3P   }   S(Q) 


+  ^T   dXl  dX2  e      PV   (x1,x2;w|r  ;)   .  (3-106) 
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The  first  term  in  equation  (3-106)  may  be  determined  entirely  from 
calculation  or  measurement  of  S(Q,u:)  and     v  .   The  remaining  term 

or 
(9) 

depends  directly  on  the  functional  P    .   As  indicated  by  equation 
(3-65),  the  problem  of  deriving  a  suitable  kinetic  equation  for  the 

usual  two-point  correlation  functions  centers  on  the  analysis  of 

(2) 
P    .   This  is  a  difficult  many-body  problem  in  general,  and  the 

measurement  of  S(Q,uj)  has  been  a  valuable  guide  and  test  for  approxi- 
mate kinetic  models.   It  is  expected  that  measurement  of  the  pressure 

derivative,        ,  will  provide  additional  information  in  this  re- 
3P 

gard. 


3.5  Model  Calculations 

In  this  section,  S(Q,  to)   and  its  isothermal  pressure  derivative 
are  estimated  using  a  simple  model  for  the  collision  operator.   The 
extent  to  which  information  on  P    (x  ,x„;oj|ip   (oj))  can  be  extracted 
from  measurements  on  S(Q,ti))  and  ^—  ,  is  illustrated  by  comparing 

3£nS(Q,Qj)  wi(;h  3£nS(Q)  ag  a  function  of  w  for  fixed  Q>  as  suggested 
oP  oP 

by  equation  (3-106) . 

A  method  for  modeling  operators  in  kinetic  equations  has  been 

2 
described  by  Gross   (52).   Here,  the  analysis  is  performed  using  the 

simplest  of  these  models,  a  single  relaxation  time  approximation. 
The  result  is  based  on  the  assumption  of  only  two  points  in  the  spec- 
trum of  M(Q,to).   One  point,  zero,  corresponding  to  the  eigenfunction 
1,  follows  from  the  conservation  of  particle  number.   The  rest  of  the 


The  details  of  kinetic  modeling  are  discussed  more  generally  in  the 
next  chapter. 
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spectrum  of  the  exact  operator  is  approximated  by  a  single  degenerate 
point  denoted  by  A(Q,u>).   With  these  assumptions,  the  collision 
operator  may  be  written  as 

M(Q,io)  =  -A(Q,oj)  (1-P)  ,  (3-107) 

with  M  related  to  M  through  equation  (3-108) , 

M  E  f_1  M  f   ,  (3-108) 

o     o 

and  where  P  is  the  projection  operator,  defined  for  functions  of  mo- 
mentum, h(p)  ,  by 

Ph(p)  =  I  dp  fQ(p)  h(p)  .  (3-109) 

The  single  relaxation  time  model  conserves  particle  number,  by  construc- 
tion, but  violates  energy  and  momentum  conservation.   It  is  easy  to 
incorporate  the  latter  here  by  generalizing  P  to  project  onto  the 
five-dimensional  subspace  (see  Chapter  4)  of  these  conserved  quanti- 
ties, but  in  the  interest  of  simplicity  the  single  relaxation  time 
model  will  suffice.   The  dynamic  structure  factor,  S(Q,to),  depends 
on  M(Q,uj)  only  through  the  function  I(Q,w),  as  shown  in  equation 
(3-37).   Use  of  equation  (3-107)  for  M(Q,cj)  in  equation  (3-37)  yields 

KQ.oj)  =  r£  [1  +  iw  .  w^(Q:gL  J  ,  (3-110) 

kT         1-A(Q,u))F(Q,uj) 

where  F(Q,u))  is 

F(Q,uj)  E  f  dp  [-la,  +  i  ^-  +   A(Q,w)  ]-1  f  (p)  .      (3-111) 
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To  specify  the  function  A(Q>U))>  the  fact  that  M(Q,L,i)  must  vanish 
as  (j-  for  large  u>  may  be  imposed  by  choosing  the  "viscoelastic"  form 


(53) 


Un   v  _  A(Q)  T(Q) 

UQ.uj)  -  -j— — ~. j—r      .  (3-112) 

1  -  iio  tW 


The  function  A(Q)  was  determined  by  requiring  the  fourth  frequency 
moment  of  S(Q,w)  to  be  satisfied  exactly  (see  equation  (3—13) ) ,  with 
the  result 

A(Q)  =  P  J  l^-  +   ^  f  drg(r)  (1-cos  ^.t)(Q.'r)^(r)].   (3-113) 

The  remaining  parameter,  T  (Q) ,  was  determined  in  terms  of  S(Q,to=o), 
as  suggested  by  Kugler  (40) . 

The  functions  S(Q),  C(Q),  and  A(Q)  were  calculated  using  Verlet's 
(28)  Monte  Carlo  data  for  the  pair  correlation  function,  g(r),  for 
argon  near  its  triple  point.   The  function,  t(Q) ,  was  determined  from 
Skold's  experimental  data  (54),  and  has  been  assumed  to  be  a  slowly 
varying  function  of  the  pressure.   Appendix  D  contains  the  details  for 
the  calculations  of  this  section. 

Figure  3-2  shows  a  comparison  of  the  static  liquid  structure 
factor,  S(Q),  and  its  corresponding  pressure  derivative.   Figures  3-3 
through  3-5  are  a  comparison  of  S(Q,oo)  with  its  pressure  derivative  at 
three  values  of  Q  accessible  via  neutron  scattering.   Finally, 
Figure  3-6  shows  the  difference  between  the  logarithmic  derivative 
of  S(Q,co)  and  the  corresponding  derivative  of  S(Q),  suggested  by  the 

rearrangement  of  equation  (3-106) : 

(3-114) 

3£nS(Q,oj)    _    3£nS(Q)  1  f   ,         ,  i(^*qlp(2).  ,(1). 
3P 9F~  +  ^kTSlQTU       dxl   dx2   e               P         <VX2;<^        }" 
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Figure  3-2.  The  static  structure  factor,  S(Q),  and  3S(Q)/3P,  for 
liquid  argon  near  its  triple  point  (T  =  86.56  K,  p  = 
1.402  gram/ cm  ) . 
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Figure  3-3.   The  dynamic  structure  factor,  S(Q,w),  and  as(Q,w)/3P  for 
liquid  argon  near  its  triple  point  (T  =  86.56  K, 
p  =  1.402  gram/cm3)  at  0=  1.1  A-1. 
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Figure  3-4.   Same  as  Figure  3-3  except  that  Q  =  2.0  l~l. 
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Figure  3-5.   Same  as  Figure  3-3  except  that  Q  =  3.6  A~l. 
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Figure  3-6.   Comparison  of  31nS(Q)/3P  ( )  and   alnS(Q,to)/8P  ( ) 
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)r  liquid  argon  near  its  triple  point  (T  =  86.56  K, 
=  1.402  gram/cm3)  at  Q  =  2.0  A"l. 


90 

The  two  would  be  equal  if  the  second  term  in  equation  (3-114)  could  be 

neglected.   As  the  figure  shows,  such  an  approximation  is  good  only 

(2) 
for  large  co  (limit  t->o),  in  which  case  P    vanishes.   The  structure 

(2) 
exhibited  in  Figure  3-6  is  thus  a  measure  of  the  degree  to  which  P 

may  be  probed  experimentally  in  this  manner.   With  the  recent  develop- 
ment of  high  flux  neutron  sources,  and  high  resolution  spectrometers, 

the  required  precision  with  which  S(Q,u)  must  be  measured  to  study 

(2)  (1) 

P    (x  ,x „ ;  lo Nj   (d)) )  experimentally  should  be  possible. 

3.6   Concluding  Remarks 

In  this  chapter  the  formal  kinetic  theory  for  two-time  three- 
space  correlation  functions,  as  well  as  for  the  conventional  two-time 

(2)  (1) 

case,  was  developed  in  terms  of  the  function  P    (x  ,x „;uj  ^    (w)). 

It  was  found  that  the  formal  kinetic  theory  for  triplet  (two-time, 
three-space)  time  correlation  functions,  equation  (3-93),  depends  en- 
tirely on  elements  appearing  in  the  kinetic  theory  for  two-time  corre- 
lation functions.   However,  the  kernel  of  the  collision  operator, 
P    (x  ,x„;co|ip    (u>) )  ,  appears  explicitly,  in  contrast  to  its 
occurrence  in  the  two-point  theory  only  through  the  collision  operator, 
M(Q,uj).   For  this  reason  it  is  hoped  that  the  direct  dependence  of  the 
pressure  derivative  on  the  three-point  correlation  function  will  allow 
a  more  sensitive  experimental  test  of  models  for  P    (x  ,,x  ;oj|^    (w) )  • 
The  direct  calculation  of  the  pressure  derivative  in  Section  3.5  indi- 
cates the  expected  form  for  these  experiments,  and  reflects  essentially 
the  pressure  dependence  of  M(Q,(jj).   This  information,  when  coupled  with 
similar  measurements  of  the  temperature  derivative  of  S(Q,oj)  (55), 
should  assist  in  the  construction  and  test  of  approximate  linear 
kinetic  models. 


CHAPTER  4 

KINETIC  MODELING  OF  THE  DYNAMIC  STRUCTURE  FACTOR 

4.1   Introduction 

In  Chapter  3  a  formal  kinetic  equation,  equation  (3-66) ,  for 
the  (Fourier  and  Laplace  transformed)  distribution  function, 
lb    (p;Q»(jj),  was  derived  in  terms  of  the  generalized  collision  oper- 
ator, M(Q,uj)  ,  and  the  dynamic  structure  factor,  S(Q,io),  was  ex- 
pressed as  a  function  of  M(Q,uj)  in  equation  (3-35)  : 

S(Q,ui)  =  2  Real{|  dp[-iw+  i  ^  +  B  -  M(Q,oj)]_1  fQ(.>)  S(Q)}   . 

(3-35) 

There  are  two  distinct  problems  associated  with  the  evaluation  of 
S(Q,oj)  from  this  result.   The  first  concerns  the  construction  of  an 
explicit  expression  or  approximation  for  the  operator  M(Q,lo)  from 
its  formal  definition,  equation  (3-34).   Such  a  construction  requires 
a  detailed  study  of  the  many-body  problem;  presently,  firm  theoreti- 
cal understanding  of  M(Q,to)  is  limited  to  small  parameter  expansions, 
such  as  low  density  or  weak  coupling  results,  although  considerable 
progress  on  dense  gases  and  even  liquids  has  been  made  in  recent 
years.   This  thesis  will  not  be  concerned  with  such  studies  beyond 
the  hard  core   results  presented  in  Chapter  3.   The  second  problem 
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involved  in  determining  S(Q,co)  from  equation  (3-35)  is  related  to 
the  more  technical  or  mathematical  problem  of  evaluating  the  integral 
on  the  right  side  of  equation  (3-35)  for  a  given  operator,  M(Q,w), 
(or  approximation  to  M(Q,u>))  whose  properties  are  known.   This  is  the 
problem  of  kinetic  modeling  and  is  the  central  theme  of  this  chapter. 

Kinetic  modeling  refers  to  the  replacement  of  the  given  collision 
operator  by  a  model  collision  operator  which  is  more  tractable  from  a 
computational  point  of  view,  but  which  preserves  the  important  proper- 
ties of  the  given  collision  operator.   The  most  common  method  of 
kinetic  modeling  is  the  Gross-Jackson  (56)  method,  which  is  described  - 
in  the  next  section.   Briefly,  this  method  represents  the  collision 
operator  in  terms  of  a  finite  number  (say  N)  of  "matrix  elements"  of 
the  collision  operator  with  respect  to  a  chosen  complete  set  of 

functions  of  the  momentum.   The  remaining  matrix  elements  are  approxi- 

st 
mately  represented  by  the  single  (N+l)    matrix  element.   In  this  way, 

S(Q,lo)  may  be  determined  from  a  set  of  N  coupled  linear  equations. 
This  method  has  been  used  successfully  by  Sugawara,  Yip,  and  Sirovich 
(57)  for  the  linearized  Boltzmann  equation  and  more  recently  by  Ma- 
zenko,  Wei  and  Yip  (58)  for  the  generalized  Boltzmann  equation,  equa- 
tion (3-74),  for  a  system  of  hard  spheres. 

The  drawback  of  the  Gross-Jackson  method  is  that  the  number,  N, 
of  matrix  elements,  and  hence  coupled  equations  to  be  solved,  is  large 
if  substantial  accuracy  is  desired.   For  the  problem  considered  here 
such  accuracy  is  required  in  order  to  make  as  faithful  a  correspondence 
as  possible  between  the  measured  S(Q,u)  and  the  theoretically  chosen 
M(Q,oj).   For  hard  spheres  the  above  authors  find  they  must  choose 
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N  >  30  to  achieve  an  accuracy  in  S(Q,(jo)  on  the  order  of  2  per  cent. 
The  calculations  are  non-trivial  for  such  a  large  number  of  matrix 
elements  and  may  be  expected  to  be  considerably  more  complex  for  more 
realistic  potential  models. 

A  method  for  optimizing  the  Gross-Jackson  procedure  is  also  sug- 
gested in  this  chapter.   The  objective  of  this  optimized  kinetic 
model  is  to  significantly  reduce  the  order,  N,  required  without  a 
substantial  reduction  in  accuracy.   Although  preliminary,  the  optimi- 
zation scheme  is  tested  for  the  Fokker-Planck  and  Boltzmann-Lorentz 
kinetic  equations  to  calculate  the  self  structure  factor,  S  (Q,u>) , 
and  found  to  be  quite  good  when  compared  with  existing  results. 

4.2  Gross-Jackson  Kinetic  Modeling 

The  expression  for  S(Q,to),  equation  (3-35),  contains  both  the 
mean  field  operator,  B,  and  the  collision  operator,  M;  however,  the 
effect  of  the  operator  B  may  be  calculated  explicitly  (see  equations 
(3-70)  and  (3.74)  for  hard  spheres)  so  that  S(Q,oj)  may  be  written  as 


S(0)    dp  f  (p)  Y(p) 

S(Q,u)  =  2  Real  {  ' —r- ^r~- * 1  . 

l-p[C(Q)-g(r  )C  (Q)]    dp  f  (p)  X^Y(p) 
o   o     Jo      m 

(4-1) 
Here,    Y(p)    is   defined   by 

-*■  -*■ 

Y(,0    =    [-ito  +   i^  -  M(Q,o))]-1  1,  (4-2) 

m 

and  the  operator  M(Q,co),  rather  than  M(Q,to),  has  been  introduced  for 


convenience: 


M(Q,co)  =   f  1(p)  M(Q,w)  f  (p)  .  (3-108) 
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The  problem  of  calculating  S(Q,(d)  therefore  reduces  to  a  determina- 
tion of  Y(p)  through  kinetic  modeling  of  M(Q,oj)  . 

The  Gross- Jackson  kinetic  model  for  evaluating  the  dynamic 
structure  factor  is  based  on  the  formal  decomposition  of  a  given 
collision  operator,  M(Q,ui).   In  this  section  the  expansion  tech- 
nique is  discussed  in  more  detail,  and  a  relatively  simple,  N=6, 
kinetic  model  for  the  generalized  Enskog  collision  operator  is  used 
to  calculate  S(Q,oj).   To  facilitate  the  description,  it  is  useful  to 
introduce  a  scalar  product  notation, 


(a,b)  E   dp  fQ(p)  a*(p)  b(P),  (4-3) 

where  a  and  b  are  arbitrary  functions  of  p  and  *  denotes  complex 
conjugation.   Further,  let  {i{j  (p)  }  denote  a  complete  set  of  func- 
tions of  p.   Then,  an  arbitrary  function,  a(p),  may  be  expanded  in 
terms  of  the  set  [\p   (p)  }, 

a(P)  =      j      4>    (p)  (\l>    ,a)  .  (4-4) 

a=l 

The  operator,  M(Q,w) ,  may  be  completely  characterized  by  its 

matrix  elements  with  respect  to  the  set  {\b    (p)}.   To  show  this  con- 

a 

sider  the  action  of  M(Q,co)  on  an  arbitrary  function  b(p)  and  denote 
the  result  by  a(p) : 

a(p)  =   M(Q,to)  b(P)   . 

Then,  the  expansion  of  b(p)  according  to  equation  (4-4)  gives 


M(Q,oj)  b(p)  =  I      lpa(p)  (iJ^a,Mb) 
ot=l 
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A  further  expansion  of  b  yields  the  desired  result: 

M(Q,oj)  b(p)  =  £    I     ty    (p)  M  R(Q,w)  Oljp,b)  ,  (4-5) 

a-1  6=1  a    ap 

where  the  matrix  elements  M   (Q,u))  are  defined  by 

up 

M  Q(Q,ai)  =  (ip   ,   M  \l>0)    .  (4-6) 

a3         a     p 

Equation  (4-5)  is  exact,  as  no  approximations  have  been  introduced  to 

this  point.   The  details  of  the  collision  operator  are  contained  in 

the  matrix  elements  M  _,(0,u))  and  in  general  there  are  infinitely  many 
a3 

such  matrix  elements.   The  object  of  kinetic  modeling  is  to  approxi- 
mate M  in  a  form  requiring  only  a  finite  number  of  matrix  elements, 
with  successively  better  approximations  requiring  more  matrix  elements, 
However,  it  is  not  possible  to  simply  truncate  the  expansion  of  equa- 
tion (4-5),  as  this  would  imply  a  restriction  on  the  range  and  domain 
of  M  to  functions  expandable  in  only  a  finite  number  of  the  {ijj  }.   To 
describe  a  more  general  approximation  scheme,  we  first  separate  M  in- 
to its  contributions  in  the  subspace  of  the  first  N  \b    ' s  plus  the  re- 
mainder : 

MCQ.o.)    b(P)    =      I        J      Vp)    M      (*      b) 

a-i  3_i 


+     I       I         Vp)   %(Vb) 
a=l   3=N+1  p     P 


CO  N 

+     I  I     VP)   Wb) 

a=N+l    3=1 


+      J,  I  vp   (p)   M      (i|;   ,b)    .  (4-7) 

a=N+l    3=N+1  p      p 
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The  objective  now  is  to  approximate  the  last  three  terms  in  equation 
(4-7),  while  preserving  the  exact  form  of  M  relative  to  the  first  N 
\h    's.   Regarding  the  last  three  terms,  we  note  that  if  the  set  {\i>    } 
were  eigenfunctions  of  M(Q,to),  then 


M  +   M   6    . 

a  3    ota  up 

For  a  suitably  chosen  complete  set  of  functions  {iJj  },  the  matrix 
elements  may  also  be  assumed  to  be  approximately  diagonal.   There- 
fore, the  first  approximation  is  to  set  M  „  =  M   6    „  in  the  last 

a3    uu  u3 

three  terms  in  equation  (4-7),  with  the  result 

N   N 
M(Q,co)  b(p)  ->  I        J      ty  (p)  M   (Q,u)  Opp.b) 

a=l-  3=1  a    -aP        P 


+   J    if;  (p)  M   (Q,u>)  (if)  ,b)  . 

'',,,,  a     uu       a 
a=N+l 

The  second  and  final  approximation  is  to  represent  all  of  the  matrix 
elements  for  a  >   N  +  1  by  the  single  degenerate  value  X   =  *!„,■,  N,  -,  > 


i.e.  , 


N   N 
M(Q,W)  b(P)  +  I       I '     \\>   (p)  M  (Q,oj)  (i|)R,b) 
a=l  3=1  a 

+  AM   ^    ^  (P)  (\\>.  ,b)  ,  (4-8) 

N  u=N+l  H a     ru 

with 

AN  =  Vl.N+l  •  (4-9) 

This  defines  the  Gross-Jackson  kinetic  model  of  order  N.   It  requires 
the  exact  matrix  elements  in  the  N-dimensional  subspace  of  the  first 
N  \h    's  and  represents  the  operator  in  the  orthogonal  subspace  by  the 
single  matrix  element  X    . 
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Further  use  of  equation  (4-4)  in  equation  (4-8)  allows  the 

latter  to  be  rewritten  as 

N   N 
MjjCQ.u)  b(P)  =  I       I     M  (Q,u>)  *a(p)  (ijig.b) 

a=l  3=1 


+  XN(Q,u)  tb(p)  -  I  ipa(p)  djia,b)]  ,      (4-10) 

a=l 


where  the  notation  M   is  used  to  denote  the  N    order  Gross-Jackson 

kinetic  model  for  M(Q,oj)  .   Comparing  equation  (4-10)  with  equation 

(4-5),  we  see  that  the  approximate  collision  operator  M  is  exactly 

equal  to  the  true  collision  operator  in  the  subspace  spanned  by  the 

set  {\b   },  for  a  <  N.   Equation  (4-10)  is  an  approximate  representa- 
ra  — 

tion  of  the  true  collision  operator  with  details  of  the  given  colli- 
sion operator  incorporated  through  the  matrix  elements  M  ,  although 
only  approximately  so  for  a  >  N.  For  greater  accuracy,  the  subspace 
may  be  increased  by  choosing  a  larger  N. 

To  this  point  no  statement  has  been  made  concerning  the  selec- 
tion of  the  set  fii/  }.   While  somewhat  arbitrary,  the  choice  of  {\b    } 
a  a 

can  be  simplified  by  consideration  of  the  characteristics  of  the 
collision  operator.   For  example,  from  the  fact  that  binary  colli- 
sions conserve  the  number,  momentum,  and  energy  of  the  particles  at 
Q;-o,  it  follows  that  there  is  a  five-fold  degenerate  eigenvalue  of 
M(Q»uj)     '  A=  o.      In  this  case,  the  first  five  eigenfunctions  might 

be  chosen  as  (1,  — ,  -t— },  corresponding  to  the  number  density,  momen- 
m   zm 

turn,  and  kinetic  energy.  It  is  expected  that  when  many  elements  are 
contained  within  [\p    },    the  choice  of  the  set  will  be  less  important. 
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As  an  example  of  Gross-Jackson  kinetic  modeling,  we  consider 
a  simple,  N=6,  model  for  the  generalized  Enskog  collision  operator 

(see  equations  (3-74)  and  (3-75)).   The  first  five  \b    's  are  chosen 

a 

to  ensure  the  conservation  of  particle  number,  momentum,  and  kinetic 
energy  (as  Q  -*-  c)  , 


i>1  =  i 

i«         \&  h 

i*2.  *3.  n'  =  «!>\.  <t>  v  <£>'!>«'  • 

\\i      is  chosen  to  yield  the  thermal  conductivity  (in  the  limit  Q  ->  o) 
as  obtained  from  the  solution  of  the  Boltzmann  equation, 

*o    10m   z  m 

the  eigenvalue,  A,-,  is  chosen  to  yield  the  corresponding  (Q  ->  o) 
Boltzmann  expression  for  the  shear  viscosity, 

A,  =  (V  (pvP  ,  M  p   p  )  . 
6    m     y  z     y   z 

Returning  to  equations  (4-1)  and  (4-2)  for  S(Q,to)  and  Y(p),  we 

replace  M  by  M,  to  get  the  N=6  kinetic  model  approximation.   From 
b 

equation  (4-10) , 


M6(Q,co)  b(P)  =  A6(Q,a))  b(p) 
6   6  (4-U) 


+  I      I    u  (Q,uO  ^  (P)  (*  ,b)  , 

a=l  3=1   a|i       a      P 
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and 

u  Q(Q,(j)  =  M  „(Q,o>)  -  X,(Q,uj)  6     ,  (4-12) 

ap        ap        6      ap 

where  again  b(p)  is  an  arbitrary  function  of  momentum.   Use  of  equa- 
tion (4-11)  in  equation  (4-2)  gives  for  Y(p) 

y(p)  -y, 


with 


v[_iw+iQlP_M6(Q,w)]-l 


or   equivalently 

6   6 

Y(P>  =  W   +  Roo   I   Z  ^3  Vp)  (V  Y)  >      (4"13) 

a=l  S=l 


where 

oo  m     6 


R   E  [-ia>  +  1^P-  -  A,(Q,iu)]  1   .  (4-14) 


In  the  equation  for  Y(p),  equation  (4-13),  there  are  six  unknowns, 
i.e.,  (i|/  ,Y)  for  3  =  l»«-»»6»  requiring  six  independent  equations. 
The  six  linearly  independent  equations  are  generated  by  successively 
multiplying  equation  (4-13)  by  i[>   (for  a  <  6)  and  carrying  out  the  re- 
quired momentum  integration.   Details  of  this  procedure  are  given  in 
Appendix  E,  along  with  the  final  results  for  S(0,oj). 

The  N=6  kinetic  model  is  used  in  Chapter  7  to  analyze  the  neu- 
tron scattering  measurements  of  S(Q,o))  for  low  density  xenon  gas. 
An  estimate  on  the  accuracy  of  this  model  can  be  obtained  by  com- 
paring the  N=6  model  with  the  corresponding  N=30  kinetic  model 


For  convenience  the  same  notation  is  used  for  the  approximate  Y(p) 
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solution  of  Mazenko  e^t  al.  (58)  for  a  dilute  hard  sphere  gas.   It  is 

convenient  (for  calculation  purposes)  to  define  the  following  dimen- 

sionless  variables: 

/2 
R(x,y)  =   -  Q  v   SCO.ui) 

TT       O 

with 


/2   Q 

V 

o 

4p* 

(4-15) 
o 

3 
Here,  p*  is  the  reduced  number  density  (=  pr  ),  and  r   is  the  hard 

sphere  radius.   Figure  4-1  compares  the  N=6  kinetic  model  (•)  with 

the  fully  converged,  N=30,  solution  ( )  of  Mazenko  and  coworkers 

(58)  for  y  =  0.067  (This  corresponds  to  a  reduced  density  of  0.010 
and  a  hard  sphere  radius  %  3  A,  yielding  Q  r\<   0.20  A   ).   Clearly,  in 
this  region  of  Q  space  the  N=6  kinetic  model  is  in  excellent  agreement 
with  the  fully  converged  solution.   Unfortunately,  the  additional 
results  (for  p*  =  0.010)  given  by  Mazenko  et  al.  (58)  (i.e.,  y  =  0.50, 
y  =  1.17,  y  =  3.0)  correspond  to  a  0  range  (i.e.,  0  =  0.030,  Q  =  0.010, 
Q  =  0.004)  not  covered  experimentally,  thereby  limiting  the  comparison 
of  the  two  models  to  Figure  4-1.   Considerably  larger  errors  are  ex- 
pected in  the  transition  region  (y  %   1)  thus  requiring  larger  N  for 
accurate  kinetic  modeling. 

4.3   Optimization  of  the  Gross-Jackson  Kinetic  Model 

In  general,  the  calculation  of  the  dynamic  structure  factor  by 
expanding  the  collision  operator  in  a  complete  set  of  orthogonal 
functions,  {t|/  },  requires  a  large  number  of  terms  (N  >  30  for  the 
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Figure  4-1.   The  dynamic  structure  factor,  S(Q,w),  for  the  N  =  6 
Gross- Jackson  kinetic  model  (•)•   Included  is  the 
fully  converged,  N  =  30,  solution  ( ). 
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generalized  Enskog  collision  operator)  if  considerable  accuracy 
(%  2%)  is  desired.   The  solution  of  the  modeled  kinetic  equation 
becomes  quite  complicated  since  the  higher-order  matrix  elements, 
M   ,  are  expressed  as  rather  involved  nested  sums;  the  computation 
time  required  to  determine  S(Q,aj)  is  on  the  order  of  a  few  hours  on 
an  IBM  360/168  computer  (59)  for  the  N=30  hard  sphere  kinetic  model 
discussed  in  the  previous  section.   In  view  of  these  results,  a  new 
approach  to  kinetic  modeling  is  proposed  in  this  section,  which  may 
be  useful  when  more  realistic  potential  models  or  more  complex 
collision  operators  are  considered.   This  technique  differs  from  the 
standard  Gross-Jackson  modeling  by  replacing  the  eigenvalue  A   (see 
equation  (4-9))  with  an  appropriately  chosen  function,  \(Q,co).   In 
this  way  it  is  hoped  to  incorporate  in  A(Q,uO  more  of  the  important 

part  of  the  spectrum  of  M(Q,(j)  in  the  subspace  of  the  ilj  's  for  a  >  N, 

a 

so  that  low-order  kinetic  models  may  be  used  in  the  analysis  of  S(Q,co) 
without  significant  loss  in  accuracy. 

4.3.1   Formal  Expression  for  A(Q,io).   Returning  to  equation 
(4-1)  ,  we  note  the  identity 

(1,  l<^-   Y)  =  1  +  to)  (1,  Y)  ,  (4-16) 

m 

where  use  has  been  made  of  the  fact  that 

(1,  Ma)  =  0 

for  arbitrary  a  (by  conservation  of  particle  number).   Then,  equation 
(4-1)  may  be  written  as 
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S(Q,aj)  =  2  S(Q)  Real  { ±&*^ },  (4-17) 

l-p[C(Q)-g(ro)Co(Q)][l+lojI(Q,o))] 

with 

I(Q,a>)  E  (1,Y)  .  (4-18) 

From  equation  (4-2),  Y(p)  is  given  by 

Y  =  R  1  ,  (4-19) 

and 

R  E  [-lai  +  ^  -  M(Q,aj)]-1   .  (4-20) 

m 

Replacing  the  given  collision  operator,  M(Q,w) ,  with  a  model  collision 
operator,  M  (Q,0))  ,  yields  an  approximate  solution,  Y  (p)  , 


Y  =  R   1  (4-21) 

o    o 


with 


R  E  [-i(u  +  i^  -  M  (Q,w)]  l      .  (4-22) 

o  mo 


The  exact  and  approximate  solutions  are  then  related  by 


Y(p)  =  Y  (p)  +  R  (M-M  )  Y(p),  (4-23) 

r      o       o     o 


as  follows  from  the  identity 


R  =  R  +  R  (M-M  )  R.  (4-24) 

o     o     o 


Correspondingly,  S(Q,w)  may  be  expressed  as 


S(Q,uj)  =  S(o)(Q,w)  +  AS(Q,uO  ,  (4-25) 
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where  S    (Q,u>)  is  the  approximate  S(Q,uj)  determined  by  the  replace- 
ment of  M  by  M  , 
o 

S(o)(Q,u)    5    2   S(Q)    Real   { LIA^lI }  (4-26) 

l-p[C(Q)-g(ro)Co(Q)]tl+ixi)I(o)(Q,co)] 


with 


I(0)(Q,CO)    I    (1,    Y    )    .  (4-27) 


The  form  of  AS(Q,co)  is  easily  identified  by  comparison  of  equations 
(4-25)  and  (4-17),  but  for  the  time  being  it  is  sufficient  to  observe 
that  AS(Q,gj)  is  proportional  to  the  difference  I-I    , 

AS(Q,w)  a   I-I(o) 

=   AI  .  (4-28) 


The  optimization  of  a  given  method  of  kinetic  modeling  may  now  be 
described.   We  assume  that  a  kinetic  model,  M  ,  may  be  parameterized  by 
a  complex  parameter,  A.   Then  A  is  chosen  to  minimize  the  contribution 
from  AS(Q,oj)  in  equation  (4-25)  and  hence  improve  the  approximation, 
S    (Q,oj),  to  S(Q,oj).   In  particular,  A(Q,uj)  is  chosen  to  make  AI  =  0 
so  that,  with  equation  (4-28),  AS(0,uj)  also  vanishes.   One  then  has, 
formally, 

S(Q,oj)  =  S(o)(Q,lo)  .  (4-29) 

Thus,  the  kinetic  model,  M  (A),  is  parameterized  in  such  a  way  as  to 
yield  the  same  S(Q,to)  as  the  given  collision  operator,  M.   It  must  be 
expected,  of  course,  that  the  expression  for  A  obtained  from 

/.1(A)  =  0  (4-30) 
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will  be  itself  difficult  to  evaluate.   However,  it  may  also  be  ex- 
pected that  equation  (4-30)  is  much  less  sensitive  to  approximations 
than  S(Q,oj)  itself. 

As  a  specific  example  of  the  optimization  scheme,  consider  M   to 
be  the  N   -order  Gross-Jackson  kinetic  model,  equation  (4-10), 

N    N 
M  (X)b(p)  =  I       I     M  ft(Q,w)  lb  (p)  (ij>R,b) 

a= 1  p= 1 

N 
+  A[b(p)  -  I     ^(p)  Oj^.b)]  ,  (4-31) 

a=l 

where  the  Gross- Jackson  constant  A   (given  by  equation  (4-9))  has  been 
replaced  by  the  complex  parameter,  A.   With  the  choice  of  equation 
(4-31),  S    (Q,oj)  may  be  calculated  as  described  for  the  usual  Gross- 
Jackson  model.   However,  now  the  parameter  A  is  chosen  according  to 
equation  (4-30) , 

AKA)  =  0 

=  (1,[Y-Y  ]  1) 
o 

or,  using  equation  (4-23)  for  the  difference,  Y-Y  ,  A  is  chosen  such 
that 

(1,  R  [M-M  ]  R  1)  =  0   .  (4-32) 

o    o 

From  the  discussion  of  Section  4.2  it  is  clear  that  M  and  M   are 

o 

identical  in  the  subspace  of  the  first  N  \p   's,  so  that  equation  (4-32) 
refers  to  the  properties  of  the  collision  operator,  M,  in  the  ortho- 
gonal subspace.   Defining  Mj.  by 
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N   N 


M  j.b(p)  =  M  b(P)  -  I 


Ma3  Vp)  ('^'b)  ' 


(4-33) 


a=l  6=1 
equations  (4-31)  and  (4-32)  give  the  desired  expression  for  A 


X(Q,a)) 


(1,  Rn  Mj.Rl) 


(4-34) 


(1,  R0[1-PN]  Rl) 


Here,  (1-P„)  is  a  projection  operator  orthogonal  to  the  first  N  \b    's, 
N  Ya 


(1-?N)  b(P)  =  b(P)  -  I     ^(p)  (ipa,b)  . 
a=l 


(4-35) 


This  choice  (equation  (4-34))  makes  the  order  N  kinetic  model  yield 
the  exact  S(Q,oj).   All  of  the  details  of  the  collision  operator  in  the 
subspace  orthogonal  to  the  first  N  \\)    's  are  contained  in  the  expres- 
sion for  A(Q,to).   Of  course,  the  latter  is  now  very  difficult  to 
compute.   However,  it  may  be  expected  that  the  variation  of  A(Q,ui) 
with  Q  and  co  is  much  milder  than  that  of  S(Q,oj)  (indeed  this  is 
shown  to  be  true  below)  and  therefore  more  amenable  to  approximation. 
One  such  approximation  to  equation  (4-34)  can  be  made  by  noting  that 
the  condition  (4-32)  implies 

(Y  ,  M  ,  Y)  =  0   , 

o    J" 

so  that  the  two  functions,  Y  and  Y  are  equal  in  some  subspace,  i.e., 

o  ' 

(1,  Y)  =  (1,  Y  )  , 
o 

or  equivalently, 

(1,  Rl)  =  (1,  Rl)   . 
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This  suggests  expanding  R  about  R  ,  as  a  general  approximation  to  R. 

To  lowest  order,  replacing  Rl  in  equation  (4-35)  with  R  1  yields  the 

o 

final  expression  for  A: 


(1,  R  Mj_R  1) 
A(Q,a))  =  — .  (4-36) 

(1>  V^W* 


We  now  briefly  summarize  the  results  of  this  section.   The 
difference  between  the  optimized  kinetic  model  presented  above  and 
the  standard  Gross-Jackson  kinetic  model  discussed  in  Section  4.2 
centers  around  the  identification  of  the  eigenvalue  X    ,      In  particu- 
lar, the  Gross-Jackson  recipe  identifies  \   as  the  matrix  elements 

(i(jXT ,  n  ,  Mik,,,,),  whereas  the  optimized  model  replaces  A,,  with  a  well- 
rN+l    ^N+J  N 

defined  function  of  0  and  (^(equation  (4-34))  by  requiring 

S(Q,w)  =  S(o)(Q,(o). 

The  parameter  A  (determined  in  this  way)  has  the  property  such  that 

lim  A(Q,ui)  =  A    .  (4-37) 

Q->0 

For  cases  in  which  Q  is  not  small,  A(Q,co)  is  determined  from  the 
matrix  element  (in  the  approximation  of  equation  (4-36)) 

A(Q,lo)  °°  (Y'C,  MY), 
o       o 

As  a  function  of  p,  Y  (Q,uj;p)  would  require  an  expansion  in  terms  of 

all  of  the  set  {\h    },  for  accurate  representation.   Because  of  this, 

a 

it  is  hoped  that  A(Q,oj)  determined  from  equation  (4-36)  may  better 
sample  the  spectrum  of  M(Q,uj)  in  the  orthogonal  subspace  so  that 
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low-order  kinetic  models  may  be  used  in  the  analysis  of  S(Q,U)).   In 
Section  4.4  the  calculation  of  the  self  structure  factor,  S  (Q,w), 
provides  a  test  of  the  optimized  kinetic  model.   The  results  are  good, 
and  the  functional  dependence  of  A  on  Q  and  ui  is  found  to  be  surpris- 
ingly simple. 

4.4   Model  Calculations 

Because  the  self  structure  factor,  S  (Q,U)),  is  somewhat  more 
tractable  (in  a  mathematical  sense)  than  S(Q,u),  and  is  directly 
accessible  experimentally  through  radiation  scattering  measurements, 
calculation  of  S  (Q,uj)  provides  a  good  test  of  the  optimized  kinetic 
model  developed  in  Section  4.3.   In  the  case  of  self  correlations, 

S(Q)  =  1, 

C(Q)  =  0  =  Cq(Q) 

and  the  formal  expression  for  the  self  structure  factor  becomes 
(see,  for  example,  equations  (4-17)  and  (4-18)) 

S  (Q,co)  =  2   Real  {I  (Q,oj)  }  ,  (4-38) 

s  s 

where  I  (Q,(jj)  is  defined  as 

I  (Q,lo)  =    (1,  YS)  ,  (4-39) 


and 


YS(p)  =  [-iaj  +  i^£  -  M  (Q,o))]  l      .  (4-40) 


A  test  of  the  optimized  kinetic  model  for  the  Fokker-Planck  and 
Boltzmann-Lorentz  kinetic  equations  follows. 
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4.4.1   The  Fokker-Planck  Kinetic  Equation.   This  simple  example 
was  chosen  because  the  Fokker-Planck  collision  operator  is  physically 
realistic  for  Brownian  particles  and,  more  important,  an  exact  solu- 
tion of  the  kinetic  equation  for  self  correlations  exists.   For  the 
Fokker-Planck  collision  operator, 

M  =  v  [V   -  3m  v]  •  V   ,  (4-41) 

S     '  O   V  V 

where  Y   is  the  Stokes  friction  constant,  I  (Q,oj)  is  shown  by  Lebo- 
witz,  Percus  and  Sykes  (41)  to  be 

2        2 
Is(Q,o>)  =  (ioJ  +  DQV1  [1  +  eK  k"2(T+Q  } 

K2 
x  f  dt  e~l    t(T+Q2)]  .  (4-42) 


o 
The  parameters  D,  K,  and  T  are  defined  as 


pm   Y 


and 


=  1_  3/2  Q 

K  "  V     Y   ' 


r  =  ~~.  (4-43) 

gmy 


A  simple  model  for  the  Fokker-Planck  collision  operator  is  the 
N=l  Gross-Jackson  model  (see  equation  (4-10)) 


M1(Q,co)  b(p)  =  >P1(^1,Ms  i^)  (i'vb) 


+   AL[b  -  ^(^,b)|  ,  (4-44) 
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with 


With    the   choice 


\±=    bp2,    Ms  <p2)    .  (4-45) 


*!-!, 


h  -  Q 2  pz 


M  (Q,io)  may  be  compactly  expressed  as 


and 


M  =  A^l-P  ]  (4-46) 


1     m    z    s   z 


=  -3  my   ,  (4-47) 

where  the  projection  operator,  P,  ,  projects  onto  the  function  1, 

P1b(p)  =  1(1, b)  , 

and  equation  (4-41)  for  M  (Q,w)  was  used  to  determine  A  .   The  fric- 
tion constant,  y   ,  was  chosen  such  that  the  self  diffusion  coefficient 
'o 

for  the  Fokker-Planck  equation  is  the  same  as  that  given  by  the  Boltz- 
mann-Lorentz  equation  (see  Section  4.4.2): 

8  .-nkT^    2 
A,  =  -  -?   (- — )   p  r 
1      J   m       o 

=  -  Qmy 


Ill 


3/2 
8   /it  k_T .       2  ,    . 

Y   =  o"  ( )    P  r   •  (4-48) 

'  o   jtt   m        o 


For  this  model,  I  (Q,oj)  reduces  to 
s 

J  (Q,u)) 


where 


I(o)(Q,oj)  =  -   ----- ,  (4-49) 

s         1  +  \1   Jo(Q,w) 


Jo(Q,o))  =  £  (£f)2   "(z)  , 


and  the  plasma  dispersion  function,  c>(z)  ,  is  defined  as 

+° 

t-Z 


(z)  E  -p  f  dt  — -    ,  (4-50) 


0  -i  Lo-iA-, 
E  O^f)   -^  •  (4-51) 


Although  the  choice 


X.  =  (£)  (P  ,  Mq  P  ) 
1    m     z    s   z 

provides  a  good  approximation  to  the  self  structure  factor  in  the 
limit  as  Q  ->  0,  this  choice  is  rather  poor  for  the  remaining  (Q,u>) 
spectrum.   As  discussed  in  Section  4.3,  the  replacement  of  \,  with 
the  optimally  determined  eigenvalue  A(Q,lo),  expressed  in  terms  of 
the  Fokker-Planck  operator  in  equation  (4-34),  should  provide  a  bet- 
ter representation  of  M  (Q,oj)  over  the  entire  (Q,w)  range.   If  we 
s 

make  the  approximation  leading  to  equation  (4-36),  we  obtain  the 
following  expression  for  A(Q,w): 
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(1,    R        MR) 

OO  1  00 


where 


K 


no 


[-im   +    1C^J1  -   A(Q,a))]    1    . 


Equation  (4-52)  is  evaluated  (using  equation  (4-41)  for  M  )  in  Appen- 
dix F,  with  the  result 

ifn.A  -   rY°3m^  fl-;-2+(^  -  Q:'»\z),       „  „. 
•UQ,w)  =  ( — T-)  1 — 1 n 1  ,      (4-53) 

1+.: ft(z)+  f  *  (z) 

where  z  is  now  a  function  of  A(Q,U)).   Because  \(Q,cj)  appears  on  the 
right  side  of  equation  (4-53),  some  type  of  iteration  sheme  is  re- 
quired to  determine  A(Q,co). 

It  is  now  easy  to  confirm  the  property  of  equation  (4-37).   In 
the  limit  of  small  Q,  or  large  Z, 

ooo  .-I      i   ....  , 

22 

so    that 

A(Q,oj)    ->  -   3my      , 

which  is  identical  with  equation  (4-47). 

The  improvement  of  the  optimized  kinetic  model  over  the  N=l 

Gross-Jackson  kinetic  model  is  apparent  in  Figure  4-2,  a  plot  of 

R  (x,y)  (=  —  Qv  S  (Q,aj))  versus  the  reduced  frequency,  x(=  z?  ), 

at  a  fixed  y(=  — ^—   ).   Since  the  characteristics  of  the  line  shape 

o 
of  S  (Q,o))  are  well  represented  by  the  half-width  at  ha  If -maximum, 

x,  ,  defined  by  (60) 
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Figure  4-2.   The  self  structure  factor,  S  (Q,to),  for  the  Fokker- 

Plank  model;  exact  solution  ( ),  N  =  1  Gross-Jackson 

(°)  and  optimized  (•)  kinetic  models. 
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Rs(x^,y)  E  -  R  (x=o,y)  , 


(4-54) 


Figure  4-3,  where  Xj  is  shown  as  a  function  of  y ,  together  with 

"2 

Figure  4-2,  indicates  that  the  optimized  kinetic  model  for  the  Fokker- 
Planck  collision  operator  is  far  superior  to  the  N=l  Gross-Jackson 
kinetic  model  over  the  entire  Q-range. 


4.4.2  The  Boltzmann-Lorentz  Kinetic  Equation.  For  a  dilute 
gas  of  hard  spheres,  the  collision  operator  for  self  correlations 
becomes 


M  [b(p)]  =  p   dP?   dfi 


1  '2 


ro  W    fo(P2) 


x  [b(Pl)  -  b(pj)]  . 


(4-55) 


Again  we  consider  the  N=l  Gross-Jackson  kinetic  model;  the  optimized 
kinetic  model  expression  for  A(Q»U>)  (see  equation  (4-52))  is 


A(Q,u>)  = 


(1,  R   MR) 
oo   s   oo 

i+zO(z)+  |  o2(z) 


(4-56) 


where  (1,  R   M   R   )  is  given  by  (see  Appendix  G  for  details) 

oo      s      oo  °  J 

(1,    R       M     R      )    =    T(s)(Q,co)    +    I^s)(Q,u>), 

oo      s      oo  1  2 


i    \  ^r    2P 

xi    (Q'u)  -  ^n^ 


g      e 


dG    e 


r      1  ,      JL         _    _1  _    JL 

X    LG+Z  G-Z_        G-Z  G-Z 


(s) 


!r    2p 


~8 


12      (Q.uO    =  ~~Z    I    d8   8e  I    dG   e     '        x    [F^Q.uHF,  (Q,w)  ]    , 
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C     0) 


B   T3 

Tj      C 


S    I 
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VQ.U)  =  ^[-~]  , 


G-Z 


F„(Q,oj)  =  £11 


2^'"'  "  ~"LG-Z+J  ' 

Z+  =  vT  Z  +  g  , 

Z_  =  ^Z  -  8  •  (4-57) 

and  Z  and  £(z)  are  defined  by  equations  (4-51)  and  (4-50),  respective- 
ly.   The  0-^0  (or  large  Z)  limit  o£  equation  (4-56)  is  shown  in 
Appendix  F  to  yield  \    ,    i.e., 

lim  A(Q,w)  ■*  -  (p  ,  M  p  )  . 
f>>0  m   z    s   z 

which  is  consistent  with  equation  (4-37). 

As  in  the  case  of  the  Fokker-Planck  collision  operator,  some 
type  of  iteration  procedure  is  required  to  solve  equation  (4-56) 
for  A(Q,co);  successive  substitution  of  the  real  and  imaginary  parts 
of  A(Q»lo)  was  found  to  be  the  most  efficient  procedure.   Not  more 

than  four  iterations  were  necessary  to  satisfy 

1, 
[(AAR)2  +  (AAX)2]  <   0.01, 

where  (AA.)  is  the  difference  between  successive  values  of  the  real 
(\    )    or  imaginary  (\)    parts  of  A(Q,io).   Less  than  30  seconds  on  an 

K  1 

IBM  370  computer  were  necessary  to  determine  X(Q,oj)  at  five  values 
of  the  frequency  for  a  given  Q,  using  a  combined  Gaussian  (N  =48)  - 
trapizoidal  numerical  integration  scheme  to  evaluate  I,   ((),io)  and 
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As  shown  in  Figures  4-4,  4-5  and  4-6,  the  optimized  kinetic 

model  ( )  agrees  favorably  with  the  fully  converged  (N=30)  model 

of  Mazenko  £t  al_ .  (58)  .   Included  for  comparison  are  the  simple  N=l 
model  (-• )  and  the  N=6  kinetic  model  (-o-0-)  discussed  in  Sec- 
tion 4.2.   The  optimized  kinetic  model  is  seen  in  Figure  4-6,  a  plot 
of  X!  versus  y,  to  be  superior  to  these  two  models  over  the  entire 

'2 

range  of  Q. 

Finally,  Figure  4-7  illustrates  the  functional  dependence  of 

A(Q,co)  on  the  reduced  frequency,  x  (=  — ),  for  two  values  of 

/2  Qv 
4p*  ° 

y  (=  Y) — )•   ^n  general,  A   was  found  to  be  a  linearly  increasing 

o 
function  of  x,  whereas  A„  decreased  with  x;  the  rate  of  change  of 

A   and  A   are  a  function  of  the  parameter  y.   This  simple  behavior 

could  prove  valuable  in  speeding  up  the  iteration  of  equation  (4-36) 

for  A(Q,w),  and  suggests  A  to  be  a  well-behaved  function  of  both  Q 

and  co.   These  figures  also  verify  the  speculation  that  A(Q,u)  is 

structurally  simpler  than  S(Q,co)  and  hence  probably  more  easily 

approximated. 

4.5   Concluding  Remarks 

In  this  chapter  the  formal  decomposition  of  the  collision  opera- 
tor was  discussed,  a  simple,  N=6,  kinetic  model  for  S(Q,lo)  was  com- 
pared with  the  fully  converged  (N=30)  results  of  Mazenko  e_t_  aT.  (58) 
for  a  dilute,  hard  sphere  gas,  and  a  new  (optimized)  kinetic  model 
was  developed.   The  N=6  kinetic  model  was  found  to  agree  well  with 
its  fully  converged  (N=30)  counterpart  (assuming  p*  =  0.01  and 
Q  %  0.20  A   ) ;  unfortunately,  no  results  exist  for  comparison  in  the 
experimental  region  of  interest  (p*  %   0.25,  Q  %  1.0  8~  ). 
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Figure  4-4 .   Percent  deviation  of  the  N  =  1  ( 
and  the  optimized  ( 


•-) ,  the  N  =  6  (-o-o-) 


)  kinetic  models  from  the  fully 
converged,  N  =  30,  solution,  R„  (x,y). 
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Figure  4-5.   Same  as  Figure  4-4  except  that  y  =  2.62. 
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Figure  4-7.   Behavior  of  the  real  (XR)  and  imaginary  (At) 

parts  of  the  optimized  kinetic  model  eigenvalue 
(equation  (4-56))  for  a  dilute,  hard  sphere  gas; 
y  =  0.247  ( ),  y  =  1.00  ( ). 
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The  optimized  kinetic  model  developed  in  Section  4.3  was  found 
to  be  far  superior  to  the  N=l  model  when  compared  with  the  exact 
solution  of  the  Fokker-Planck  kinetic  equation  for  self  correlations. 
The  calculation  of  S  (Q,co)  for  a  more  realistic  collision  operator, 
the  Boltzmann-Lorentz  operator  for  self  correlations,  again  showed 
that  the  optimized  kinetic  model  is  a  vast  improvement  over  both  the 
N=l  and  N=6  Gross-Jackson  kinetic  models.   Although  details  have  not 
been  worked  out,  the  success  of  the  optimized  kinetic  mode]  for  self 
correlations  suggests  that  equally  favorable  results  for  S(Q,U))  should 
be  attainable  using  a  low-order  kinetic  model  for  the  generalized 
Enskog  collision  operator. 


CHAPTER  5 
NEUTRON  SCATTERING  TIME-OF-FLIGHT  SPECTROMETRY 

5.1   Introduction 

Sir  James  Chadwick's  (61)  discovery  of  neutrons  in  1932  followed 
the  Joliot-Curie  studies  on  alpha  irradiation  of  beryllium.   The  flux 
from  these  very  weak  sources  was  increased  slowly  by  using  more  in- 
tense alpha  emitters,  but  it  was  not  until  the  advent  of  the  fission 
reactor  in  1942  that  neutron  beams  could  be  produced  which  were  in- 
tense enough  for  even  very  simple  diffraction  studies.   Development 
of  better  and  more  specialized  sources  increased  neutron  fluxes  from 
10   to  10   neutrons  per  square  centimeter  per  second,  thereby  making 
it  possible  to  obtain  precise  neutron  scattering  data  on  dilute  and 
moderately  dense  gases. 

Since  the  neutron  wavelength  is  of  the  order  of  the  interatomic 
spacing,  the  inelastic  scattering  of  neutrons  yields  information 
about  the  structure  and  dynamics,  i.e.  G(r;t),  of  the  fluid  on  a 
microscopic  scale.   The  distribution,  in  terms  of  the  solid  angle, 
dfi,  and  energy  transfer ,-fidto,  of  scattered  neutrons  is  related  to  the 
fluid  structure  through  equation  (1-26) : 

d  k      [b2   uS(Q,u>)   +  b2        .S    (Q,u>)]    .  (1-26) 


dfidoj        k  coh  incoh    s 

o 

Here,  b   ,  and  b     ,  are  the  coherent  and  incoherent  scattering 
coh      incoh 

lengths,  respectively,  k   (E  p  /-h,  where  p   is  the  incident  neutron 
o      o  o 


23 
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momentum)  is  the  incident  neutron  wave  vector,  k  is  the  scattered 

,2 
neutron  wave  vector,  and  •-,   ,  the  differential  scattering  cross- 

section,  is  the  number  of  neutrons  scattered  into  the  solid  angle  dfi 

with  an  energy  change >ndw.  For  atomic  fluids,  the  dynamic  structure 

factor,  S(Q,oj),  and  the  self  structure  factor,  S  (Q,d),  are  related 

to  the  density-density  time  correlation  functions  through  equations 

(1-3)    and    (1-28)1: 

+00 

S(Q,u>)    =    f    dt   eiU>t    I    dr   e~iQ"rG(r;t)    ,  (1-3) 

Ss(Q,oj)   =   |   dt  e^1   f   dr  e^"rGs(r;t)  .  (1-28) 

In  equations  (1-3)  and  (1-28) , -ftp  is  the  momentum  change  and  hoj  is  the 
energy  change  associated  with  the  scattering  process: 

-nQ  =  P  -  PQ 

(5-1) 

-fid)  =  E  -  E 
o 

A  schematic  layout  for  the  measurement  of  the  differential  scattering 
cross-section  is  shown  in  Figure  5—1.   The  ratio  of  the  scattered 
neutron  intensity  as  recorded  by  the  detector  to  the  incident  neutron 

intensity  is  converted  to  -  tz,  ■      after  correcting  for  unwanted  effects, 

dizdco 

e.g.,  multiple  scattering.   Details  of  the  data  analysis  are  given  in 
Chapter  6. 

A  frequently  used  technique  for  determining  the  dynamic  charac- 
teristics of  a  "black  box"  process,  i.e.,  a  system  whose  internal 
structure  is  unknown,  is  to  measure  the  system's  response  to  a  time- 


The  corresponding  expressions  for  molecular  fluids  are  given  by 
Egelstaff  et   al .  (62) . 
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dependent  forcing  function.   The  same  approach  is  applicable  to  the 
study  of  the  time-dependent  microstructure  of  an  equilibrium  system: 
the  response  of  the  system  to  a  known  forcing  function,  in  this  case 
a  monoenergetic  pulse  of  neutrons,  is  used  to  provide  information  on 
the  dynamic  structure  factor,  S(Q,lo).   The  concept  of  the  neutron 
scattering  time-of-f light  experiment  is  briefly  summarized  in 
Figure  5-2.   The  upper  left  graph  in  Figure  5-2  shows  the  velocity 
distribution  of  a  beam  of  thermal  neutrons  emerging  from  a  reactor. 
In  order  to  determine  the  momentum  and  energy  changes  of  the  neutrons, 
it  is  necessary  to  know  the  incident  neutron  velocity  (denoted  v  ). 
This  is  accomplished  by  passing  the  neutron  beam  through  a  mono- 
chromator,  in  this  case  a  crystal  which  diffracts  neutrons  with  the 
velocity  v   at  a  Bragg  angle  8_  according  to  the  Bragg  relation 

O  D 

nA  =  2  d  sin  0T,    for  n  =  1,2,...  (5-2) 

o  B 

Here,  d  is  the  spacing  between  parallel-layer  planes  within  the 
crystal.   The  monochromated  beam  then  passes  through  the  sample,  and 
the  resulting  changes  in  neutron  intensities  as  a  function  of  detector 
angle  and  neutron  velocity  are  recorded  as  shown  in  the  lower  left 
drawing  of  Figure  5-2.   An  analysis  of  the  time-of-f light  spectra 
then  yields  the  dynamic  structure  factor. 

Inelastic  neutron  scattering  differs  from  diffraction  experiments 
in  that  the  latter  records  the  scattered  intensity  as  a  function  of 
detector  angle  (or  momentum  transfer)  only,  yielding  S(Q),  the  static 
structure  factor.   The  connection  between  S(Q)  and  S(Q,u>)  is  made 
through  equation  (5-3) : 
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Figure  5-2.   Illustration  of  the  time-of-f light  measurement; 

N  is  the  neutron  intensity  and  v   is  the  known 

o 
incident  neutron  velocity. 
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S(Q)  =   do  S(Q,o))  •  (5-3) 

Consequently,  X-ray  or  elastic  neutron  scattering  measurements  of  S(Q) 
involve  an  integration  of  S(Q,w)  over  co  at  constant  Q.   Because  of 
this,  diffraction  experiments  provide  no  information  on  the  dynamic 
behavior  of  the  fluid  (17) . 


5.2   The  Correlation  Method  in  Time-of-Flight  Experiments 

In  a  time-of-f light  experiment,  the  incident  neutron  beam  is 
modulated  in  time  by  a  rotating  disc  of  constant  angular  frequency 
made  from  neutron  absorbing  material  and  having  a  pattern  of  slits 
and  bridges  as  shown  in  Figure  5-3.   This  narrow,  monoenergetic  pulse 
is  scattered  by  the  sample.   The  time-of-f light  distribution,  Z(T),  at 
the  detector,  which  is  described  mathematically  by  the  convolution  of 
the  incident  beam,  M(t) ,  with  a  function  U(t)  characterizing  the 
scattering  system,  plus  an  additive  background,  B  (t),  is  given  by 
(63) 


Z(t)  =  U  *  M  +  B  (t)  , 


(5-4) 


where  U  *  M  is  the  convolution 


U  *  M  =  I  dt '  U(t)   M(t-t') . 

0 


(5-5) 


Here,  T   is  the  experiment  run  time.   Since  U(t)  is  related  to  the 
e 

scattering  cross-section,  a  time-of-f light  experiment  can  be  identi- 
fied as  a  stable,  homogeneous  linear  system  (64)  with  M(t)  the 
forcing  function,  Z(t)  the  total  output,  and  U(t)  representing  the 
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so-called  system  response  function  (not  to  be  confused  with  the  "trans- 
fer function,"  defined  as  the  Laplace  transform  of  U(t).) 

Here  we  are  concerned  with  the  correlation  method  using  as  M(t) 
(pseudo)  randomly  modulated  primary  beams.   The  simplest  modulation 
function  is  a  sequence  of  rectangular  pulses  with  M(t)  equal  to  one  or 
zero  during  equi-distant  time  intervals  0  (see  Figure  5-4).   However, 
other  pulse  shapes  may  appear  in  practice.   Furthermore,  the  modulation 
function  of  a  mechanical  chopper  is  periodic  in  time  with  a  period 

T  =  NG  (<  T  ),  where  N  is  the  number  of  intervals  per  period, 
m       —  e 

The  shape  of  an  elementary  pulse  of  width  0  is  denoted  by  <j>(t), 

and  a  sequence  of  pulses  is  characterized  by  a  periodic  sequence  of 

N  numbers,  a.  .,  =  a.,  with  values  zero  and  one,  a.  =  {0,1}.   If  t.  is 
l+N     i  i  i 

the  center  of  the  time  interval  6,  then  the  modulation  function  M(t) 
is  simply  the  superposition  of  pulses  at  all  times  where  a.  =  1,  i.e., 


M(t)  =  [a.  <Kt-t.)  .  (5-6) 


The  binary  sequence  {0,1}  consists  of  m  "on-states",  i.e.,  the  chopper 
will  emit  m  neutron  pulses  per  period  T  ,  and  the  duty  cycle  of  the 
sequence  is  defined  by 

<-=  Er  •  <"> 

The  conventional  time-of-f light  experiment  uses  one  single  neutron 
pulse  per  period  (m=l,  c=0) ,  and  Z(t)  then  gives  directly  the  con- 
volution of  the  scattering  function  with  the  pulse  shape.   The  dis- 
advantage of  this  method  is  that  the  available  neutron  intensity  is 
only  utilized  during  a  small  fraction  of  time  (typically  1%).   The 
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correlation  method  may  exploit  up  to  50%  of  the  neutrons  by  using  a 
modulation  function  with  a  suitable  duty  cycle. 

In  practice,  the  time-of-f light  distribution,  Z(t),  is  counted  in 

discrete  time  channels  of  finite  width,  c  .   Introducing  the  ratio  of 

w 

pulse  width  to  channel  width,  v  =  —   ,  and  denoting  t.  =  (j-l)v,  solu- 

c  J 

w 

tion  of  the  time-of-f light  spectra  yields  (63) 

N-l   a.-c  o 

U(t)  =  -  I      (-f~)  Z(t  +  t.)  -  -    .  (5-8) 

m  ,L  1-c         3  m 

J=o 

It  is  not  at  all  obvious  whether  the  correlation  method  is 
superior  to  the  conventional  single-pulse  time-of-f light  experiment. 
In  order  to  compare  both  methods,  the  ratio  of  the  variances,  i.e., 
the  estimated  mean-square  statistical  errors,  of  the  time-of-f light 
spectra  is  generally  accepted  (65)  as  a  criterion  for  superiority: 


:A2  U(t) 


^!X  =  K(c,N)   .  (5-9) 


[A2  U(x)] 

corr 


Here,  K(c,N)  represents  the  change  in  accuracy  due  to  the  correlation 
method  using  a  pseudo-random  chopper  of  the  same  resolution  and  the 
same  total  running  time  but  with  an  arbitrary  period  T   of  the  chopper 
sequence  modulation.   It  turns  out  that  the  correlation  method  can  be 
made  superior  to  the  conventional  time-of-f light  experiment  by  a 
suitable  choice  of  the  duty  cycle.   By  maximizing  K(c,N),  Amadori 
and  HoPfeld  (66)  determined  the  optimum  duty  cycle  for  a  given  number 
of  intervals  per  period.   The  two  modulation  functions  used  in  this 
study  appear  in  Table  5-1.   In  addition,  van  Jan  and  Scherm  (67)  show 
that  the  usual  way  of  using  50%  "open  time"  in  pseudo-random  pulsing 
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TABLE  5-1 


PULSING  SEQUENCES  USED  IN  THE  TIME-OF-FLIGHT  EXPERIMENT 


Sequence  1 

Sequence  6 

N=121 
c=0.325 

N=156 
c=0.194 

Positions  i  with  a.  =  1 

Positions  i  with  a.  =  1 

i 

0,  1,  2,  3,  6,  7,  10, 
11,  15,  17,  18,  22,  28,  20, 
36,  39,  46,  47,  49,  51,  61, 
69,  70,  71,  74,  75,  77,  79, 
86,  88,  89,  93,  95,  L01, 
102,  106,  109,  112,  115 

0,  1,  2,  4,  13,  20,  23, 
24,  29,  31,  34,  38,  41,  44, 
46,  58,  72,  73,  77,  88,  89, 
95,  97,  98,  111,  120, 
124,  139,  144,  150, 
152. 

134 
does  not  always  minimize  the  statistical  error.   For  many  applica- 
tions a  duty  cycle  of  20  to  30%  is  slightly  preferable. 

Figure  5-5  illustrates  the  qualitative  features  of  the  correla- 
tion technique.   The  upper  graph  in  Figure  5-5  shows  the  modulation 
function,  the  middle  graph  gives  the  neutron  intensity  measured  at 
the  detector,  and  the  bottom  graph  is  the  resulting  time-of-t light 
spectrum.  In  Figure  5-6  the  correlated  spectrum  is  seen  superimposed 
on  a  large  oscillatory  background.   The  oscillations  in  the  back- 
ground arise  from  the  pseudo-random  (as  opposed  to  truly  random) 
nature  of  the  pulsing  sequence.   Since  the  static  structure  factor, 
S(Q),  is  related  directly  to  the  peak  area,  care  must  be  taken  to 
ensure  that  the  background  is  removed  in  a  consistent  manner  for  each 
run.   The  procedure  followed  (see  Section  6.5)  was  to  subtract  from 
the  peak  area  (width  N)  equal  portions  (width  N/2)  of  the  background 
on  each  side  of  the  central  peak.   Hopefully,  this  technique  reduces 
the  error  contribution  due  to  the  pseudo-randomness  of  the  pulsing 
sequence . 

5.3   The  Magnetically-Pulsed  Time-of-Flight  Spectrometer 

As  indicated  in  Figure  5-3,  the  conventional  technique  for  gen- 
erating a  pulsed  beam  of  neutrons  is  by  mechanical  means.   However,  a 
time-of-flight  spectrometer  which  utilizes  a  magnetically-pulsed  neu- 
tron beam  has  recently  been  developed  by  Mook  and  Wilkinson  (68)  and 
is  installed  at  the  High  Flux  Isotope  Reactor  (HFIR)  at  the  Oak  Ridge 
National  Laboratory  (ORNL) .   A  schematic  diagram  of  this  system  is 
shown  in  Figure  5-7. 
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Figure  5-5.   Qualitative  behavior  of  the  forcing  function  (M) , 
the  time-of-f light  distribution  (Z) ,  and  the 
correlated  time-of-f light  spectrum  (U) ;  0  is  the 
pulse  width  and  c   is  the  channel  width. 
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TIME-OF-FLIGHT  ,  T 


Figure  5-6.   Qualitative  behavior  of  the  correlated  spectrum  (U) 
The  background  oscillations  are  attributed  to  the 
pseudo-random  correlation  technique. 
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The  neutron  beam  (with  dimensions  2.5  cm  x  3.0  cm)  emerging  from 

2 
the  reactor   is  pulsed  by  diffracting  it  from  a  magnetic  lithium 

ferrite  crystal  in  which  the  moment  direction  can  be  switched  rapidly. 
The  use  of  a  magnetic  crystal  to  modulate  the  beam  was  first  sug- 
gested by  Shull,  Wollan,  and  Strauser  (69),  who  showed  that  the  in- 
tensity of  a  magnetic  reflection  from  a  crystal  is  dependent  upon  the 
direction  of  the  atomic  magnetic  moments  within  the  crystal  relative 
to  the  scattering  vector.   When  the  atomic  moments  are  aligned  along 
the  scattering  vector,  the  magnetic  intensity  is  zero,  and  when  the 
moments  are  perpendicular  to  the  scattering  vector  the  magnetic  moment 
is  maximized.   Therefore,  if  the  moment  can  be  changed  by  an  external 
magnetic  field,  the  magnetically  reflected  neutron  intensity  can  be 
varied  from  zero  to  the  maximum.   A  neutron  pulse  i:,  thus  produced 
by  applying  a  pulsed  magnetic  field  to  the  crystal,  and  the  neutron 
pulse  length  and  frequency  can  be  changed  by  simply  changing  the 
length  and  frequency  of  the  applied  current  pulse  that  generates  the 
magnetic  field. 

Based  on  the  Bragg  angle  and  plane  spacing  of  the  lithium  ferrite 

crystal,  it  was  decided  that  an  incident  beam  of  neutrons  with  a  wave- 

3        ° 
length   of  2.2  A,  and  an  incident  energy  of  16.9  MeV,  would  provide 

the  optimum  characteristics  with  regard  to  counting  statistics  and 

instrument  resolution.   It  was  observed  that  when  the  crystal  was  in 


2  15 

The  HFIR  has  a  thermal  neutron  flux  of  about  10    neutrons  per  square 

centimeter  per  second  at  the  beam  tube  position. 

3 

The  incident  wavelength  was  determined  from  equation  (5-2),  with  a 

crystal  spacing  of  4.81  A,  and  0   equal  to  13.22°. 
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the  "off"  state,  the  neutron  intensity  was  not  zero,  as  anticipated, 
but  rather  an  on-off  ratio  of  1.5  was  found  to  be  typical. 

The  monochromator-pulser  crystal  was  mounted  in  a  shield,  with 
the  sample  and  flight  path  assembly  attached  to  this  shield  in  such 
a  way  that  the  scattering  angle  from  the  monochromator  can  be  con- 
tinually varied  between  0  and  90  degrees.   The  distance  from  the 
crystal  to  the  sample  was  193  cm,  and  the  sample-to-detector  dis- 
tance was  151.7  cm.   Scattering  angles  from  the  sample  extended 

3 
from  10  to  140  degrees,  and  high  pressure  He  detectors  were  used 

to  provide  15  separate  data  channels.   Figure  5-8  illustrates  the 
qualitative  behavior  of  the  static  structure  factor,  S(Q) ,  for 
xenon.   To  cover  as  much  of  the  Q-range  as  possible,  it  was  de- 
cided to  make  two  separate  runs  at  each  density:   a  low  angle  run 
covering  the  angles  11.8  to  36.5  degrees,  and  a  high  angle  run 
from  39.1  to  63.4  degrees.   The  corresponding  Q-range  of  the  two 
runs  is  indicated  in  Figure  5-8,  and  the  placement  of  the  30  de- 
tectors is  summarized  in  Table  5-2.   Note  that  the  Q  values  listed 
are  the  elastic  momentum  transfer, 

(5-10) 
A 
O 

where  28  is  the  scattering  angle. 

The  spectrometer  was  on-line  with  its  own  computer,  a  Digital 
Equipment  Corporation  (DEC)  PDP  15-30.   The  pseudo-random  code  (see 
Table  5-1),  stored  in  the  computer  and  relayed  to  the  crystal 
pulser,  provided  a  continuously  pulsed  neutron  beam  according  to  a 
predetermined  coding  sequence.   Data  was  taken  on-line  by  the 
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Q 


Figure  5-8.   Qualitative  behavior  of  the  static  structure 
factor,  S(Q);  Region  I:   11.8°  <_2G  <_  36.5°, 
Region  II:   39.1°  <  29  <_   63.4°. 


TABLE  5-2 


DETECTOR  ANGLES 
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Detector 


SET  I 


20 


SET  II 


2  0 


1 

2 

3 
4 
5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 


11. 

8 

0. 

585 

13 

3 

0 

660 

14 

8 

0 

736 

16 

3 

0 

812 

17 

9 

0 

887 

20 

9 

1 

040 

22 

4 

1 

110 

23 

9 

1 

183 

25 

4 

1 

258 

27 

0 

1 

332 

30 

0 

1 

480 

31 

5 

1 

550 

33 

0 

1 

622 

35 

5 

1 

743 

36 

5 

1 

780 

39 

1 

1 

911 

40. 

6 

1 

981 

42 

1 

2 

052 

43 

6 

2 

123 

45 

2 

2 

193 

48 

2 

2 

332 

49 

7 

2 

400 

51 

2 

2 

470 

52 

7 

2 

540 

54 

3 

2 

604 

57 

3 

2 

740 

58 

8 

2 

803 

60 

3 

2 

870 

61 

8 

2 

935 

63 

4 

3 

000 

Elastic  momentum  transfer,  Q    is  calculated  from 
equation  (5-10)  for  A   =  2.2°A. 
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DEC  PDP  15-30  and,  after  neutron  counts  had  accumulated  for  a  speci- 
fied length  of  time,  the  data  was  cross-correlated  (see  equation 
(5-8))  and  the  spectra  displayed  on  a  large  oscilloscope  screen  and 
simultaneously  stored  on  DEC  tape  for  later  examination.   All  data 
taken  was  later  transferred  to  IBM  tape  and  analyzed  at  the  Universi- 
ty of  Florida. 

Before  leaving  this  section,  a  discussion  of  possible  sources  of 
error  peculiar  to  this  apparatus  is  appropriate.   To  begin  with,  there 
is  a  large  contribution  to  the  time-of-f light  spectrum  due  to  air 
scattering.   In  an  ideal  world  the  air  would  be  replaced  with  helium 
(low  a  ),  thereby  significantly  reducing  the  superimposed  background. 
In  the  second  place,  cadmium  vanes  were  placed  between  each  detector 
to  act  as  collimators.   These  vanes  were  not  mechanically  secured  so 
that  any  physical  disturbance  to  the  shielding  could  possibly  shift 
their  positions  relative  to  the  detectors.   Finally,  the  magnetic 
crystal  was  pulsed  with  an  RF  field,  leading  to  RF  pickup  by  the  de- 
tectors.  Although  attempts  were  made  to  eliminate  it  by  shielding 
and  biasing  each  detector,  the  pickup  was  not  at  all  stable  and 
varied  from  counter  to  counter.   It  is  felt  that,  of  the  three 
effects  mentioned  above,  the  latter  is  perhaps  the  more  serious. 

5.4   Vessel  Design 

Prior  to  the  design  of  the  high  pressure  sample  vessel ,  the 
following  experimental  conditions  needed  to  be  established: 

(1)  The  pressure-density-temperature  range  over  which 
the  experiment  was  to  be  conducted, 

(2)  The  desired  fraction  of  the  incident  neutron  beam  ■ 
to  be  scattered  by  the  xenon  sample. 
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From  the  above  it  is  apparent  that  vessel  design  is  very  much  a  func- 
tion of  the  experimental  conditions. 

As  discussed  in  Chapter  1,  information  on  S(Q)  for  a  low  density 
gas  provides  information  on  the  pair  and  triplet  intermolecular  po- 
tentials, and  the  dynamic  structure  factor,  S(Q,u))>  concerns  the  two- 
and  three-body  dynamics  of  the  gas  molecules.   For  this  reason,  the 
density  range  for  xenon  corresponding  to  the  second  and  third  virial 
coefficients,  i.e.,  two-  and  three-body  interactions,  was  identified 
and  established  as  part  of  the  desired  pressure-density  range  to  be 
covered  experimentally.   To  minimize  experimental  difficulties,  303  K 
was  chosen  as  the  temperature  at  which  the  experiment  was  to  be  run. 
Figure  5-9  illustrates  the  pressure-density-temperature  relationship 
for  xenon,  and  Figure  5-10  plots  density  as  a  function  of  pressure 
for  a  temperature  of  303  K.   Also  shown  (dashed  line)  is  the  third 
virial  coefficient  region,  calculated  from  the  equation  of  state 

~  =  p  -  126.51  p2  +  6551  p3  .  (5-11) 

Values  for  the  second  and  third  virial  coefficients  are  the  experi- 
mental values  given  by  Dymond  and  Smith  (70) . 

In  calculating  the  solid  line  in  Figure  (5-10)  ,  it  was  assumed 
that  corresponding  states  between  argon  and  xenon  is  valid,  i.e., 

(-^-)      =  (~-)  ,  (5-12) 

xenon         argon 

where  the  state  variables  (P,  V,  T)  are  reduced  by  their  critical 
values.   The  equation  of  state  used  for  argon  is  that  given  by 
McCarty  e_t   al.  (71): 
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T  =  303K 


TWO  PHASE  BOUNDARY 
/ 


LIQUID 


5.0  10.0  15.0 

p  ,  mole/  liter 


20.0 


Figure  5-9.   Phase  diagram  for  xenon;  T  =  303  K  is  the  experimental 
run  temperature. 
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N  N  N  N 

"?  3  4  5 

—  =  R  +  p  (N    +  —  +  -y  +  ^r  +  -4) 

PT  1        T  T2        T3        T5 


N_ 


+  p2(N6  +  ^)    +  P3    Ng 

N  N  N 

.       2/9     .        10    .11.  ,    N  2^ 

+  p^(~j  +  -7-  +  —  -)    exp(-N        p-) 

T  T  T 

N  N  N 

u ,   12    .      13  14N  ...         os 

+  P  '(-3-  +  -7-  +  -5-)    exp(-N        p^) 

T  T  T 

r      N15 

+  ps(^)    .  (5-13) 

The  parameters  (for  argon)  appearing  in  equation  (5-13)  can  be  found 
in  Table  5-3;  the  critical  properties  for  xenon  and  argon  are  given 
in  Table  5-4.   A  test  of  the  equation  of  state  was  made  by  comparing 
equations  (5-12)  and  (5-13)  with  the  experimental  data  of 
Beattie  et_  al.  (72)  for  xenon  at  298  K  (see  Figure  5-11).   As  shown, 
the  equation  of  state  accurately  describes  the  pressure-density  be- 
havior of  xenon. 

It  is  generally  accepted  (73)  that  scattering  of  10%  of  the  in- 
cident neutron  flux  by  the  xenon  atoms  is  sufficient  to  give  good 
counting  statistics  while  simultaneously  minimizing  the  multiple 
scattering  of  neutrons  in  the  sample.   If  one  assumes  a  slab 
geometry  of  thickness  d,  then  the  fraction  of  incident  neutrons 
scattered  by  the  sample  is  given  by  (74) 

I  -I        -a  pd 

-?—  =  1  -  e   S     ,  (5-14) 
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TABLE  5-3 


EQUATION  OF  STATE  (EQUATION  (5-16))  PARAMETERS 
FOR  ARGON  AND  XENON 

N   =   0.25978374  x  10_2  Ng  =  0.48141071  x  103 

N  =  -0.987358670  N1Q  =  0.64565346  x  10 

N3  =  -0.67273638  x  102  Nn  =  -0.11485282  x  108 

N,  =  -0.26494177  x  104  N,„  =  -0.648354880 


'4  -  -w.«.«t7tx,  ,  A  xu  »12 

I  =   0.97631231  x  107  N13 

I,   =  0.70478556  x  10~4  N.. 

6  14 

I  =  -0.46767764  x  10~2  N15 

NfJ  =   0.22640765  x  10~5  N. ,  «■      0.480  x  10 

8  16 


Nr  =   0.97631231  x  107  N^  =   0.46524812  x  103 

N,  =  0.70478556  x  10~4  N^  =  0.10933578  x  105 

N_  =  -0.46767764  x  10~2  Nn c  =   0.6943953  x  10_6 


R  =  0.082056160 


148 


TABLE  5-4 
CRITICAL  PARAMETERS  FOR  ARGON  AND  XENON 

Argon  Xenon 

T  ,  K  150.86 

c 

P  ,  atm  48.34 

c 

p  ,  mole/£  13.41 
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where  I   is  the  incident  neutron  intensity  and  (I  -I)  is  the  in- 
o  o 

tensity  of  the  scattered  neutrons.   In  equation  (5-14),  p  is  the 
sample  number  density  and  a   is  the  scattering  cross  section. 
Assuming  an  expansion  of  the  exponential  to  be  a  valid  approximation, 
an  explicit  expression  for  the  vessel  diameter  is  obtained: 

d  =  -i-  (-2—)   .  (5-15) 

pa     I 
M  s     o 

Since  the  vessel  is  to  be  used  for  a  wide  range  of  densities,  it  was 
decided  to  have  10%  scattering  by  the  xenon  molecules  at  an  inter- 
mediate density  of  5  moles  per  liter.   This  yields  a  vessel  diameter 

4 
of  7  cm  for  a     =4.3  barns, 
s 

The  wall  thickness  of  the  vessel,  ty,  is  related  to  the  vessel 
diameter,  the  yield  strength  of  the  vessel  material,  a  ,  and  the 


pressure  of  the  sample  through  (75)  the  equation 


t   =  (K-l)  4   ,  (5-16) 

w         / 

with 

n       a  +V 
K2e  (J-^)    .  (5-17) 

y 

Because  of  a  combination  of  small  scattering  cross-section  (a   <  1  barn) 
and  a  high  yield  strength  (a  =  40,000  psi) ,  a  polycrystalline 
aluminum  alloy  (6061-T6) . was  chosen  as  the  vessel  construction  mater- 
ial.  Using  a  safety  factor  of  1.5,  i.e.,  1.5  times  the  desired  maxi- 
mum experimental  pressure,  as  a  design  criteria,  the  required  vessel 
wall  thickness  was  found  from  equation  (5-16)  to  be  one-sixteenth  of 


4  -24    2 

1  barn  =10     cm  . 
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an  inch.   This  vessel,  according  to  the  design  specifications,  can 
withstand  up  to  135  atm  pressure. 

The  ends  of  the  cylinder  (see  Figure  5-12)  form  a  circular 
flange  having  an  0-ring  seating  and  a  thick  base  plate  closure. 
The  vessel  is  sealed  by  teflon  0-rings,  housed  in  partially  en- 
closed grooves  between  the  vessel  flange  and  the  base.   To  reduce 
the  multiple  scattering  of  neutrons,  a  solid  aluminum  cylinder, 
coated  with  cadmium,  a  strong  neutron  absorber,  was  attached  in- 
ternally to  each  end  plate.   The  length  and  diameter  of  each  cylinder 
was  determined  by  the  beam  dimensions  and  the  vessel  diameter,  re- 
spectively.  Finally,  the  bases  were  secured  by  eight  high-tensile 
half-inch  bolts.   The  vessel  was  pressure  tested  with  nitrogen  to 
135  atm  with  no  measurable  changes  in  vessel  dimensions.   Detailed 
drawings  of  the  sample  vessel  appear  in  Appendix  H. 

5.5   Filling  Procedure 

The  gas  transfer  lines  and  sample  pressure  vessel  (A)  are 
shown  schematically  in  Figure  5-13.   Xenon  gas  (cylinder  C)  at  a 
pressure  of  54  atm  and  99.9%  purity,  was  obtained  from  the  Matheson 
Gas  Company.   Prior  to  filling  the  sample  vessel  with  xenon  gas, 
the  system  was  evacuated  by  opening  valves  1,  2,  and  3.   Xenon  gas 
was  introduced  into  the  system  by  first  closing  valve  3,  then  opening 
valve  4.   To  remove  all  xenon  from  the  carrier  vessel,  it  was 
necessary  to  cool  cylinder  B  to  a  temperature  of  approximately  200  K 
using  a  dry  ice  -  acetone  bath.   When  thermal  equilibrium  was 
reached,  valve  2  was  closed  and  the  cryopumping  vessel  (B)  heated 
to  room  temperature,  thus  transi erring  the  xenon  from  cylinder  B  to 


Figure  5-12.   Xenon  Sample  Vessel 
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Figure    5,-12 
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the  sample  vessel.   Once  the  transfer  was  complete,  valves  1  and  2 
were  closed  and  a  new  carrier  cylinder  replaced  the  empty  cylinder 
(C) .   Valve  3  was  then  opened  and  that  part  of  the  system  exposed  to 
air  was  again  evacuated  before  introducing  more  xenon  into  the 
system  through  valve  4.   This  procedure  was  followed  until  the  sam- 
ple vessel  (A)  reached  the  desired  pressure  while  at  room  tempera- 
ture.  Water  at  30  C  was  then  circulated  through  the  heating  coils 
on  the  sample  vessel,  raising  the  temperature  (and  pressure)  to  the 
final,  desired  operating  conditions.   During  high  pressure  operation, 
valve  1  was  closed  and  a  catcher  vessel  (D  in  Figure  5-14) ,  was 
attached  at  junction  j  of  Figure  5-13,  thereby  isolating  the  sample 
from  the  cryopumping  system.   Upon  completion  of  each  run  the  pressure 
was  lowered  by  recondensing  xenon  into  the  catcher  vessel  (D) . 
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Figure  5-14.   Schematic  layout  of  the  xenon  sample  vessel  (A) 
during  operation. 


CHAPTER  6 


DATA  REDUCTION 


6.1   Introduction 

The  central  quantity  of  interest  in  thermal  neutron  scattering 
is  the  dynamic  structure  factor,  S(Q,io).   The  basic  task  of  the 
theorist  is  to  calculate  this  quantity  with  the  help  of  an  appropri- 
ate miscroscopic  model,  while  that  of  the  experimentalist  is  to  ex- 
tract S(Q,oj)  from  observed  scattering  data.   Apart  from  corrections 
for  background  and  instrument  resolution,  the  scattering  data  are 

proportional  to  S(Q,oj)  (and  S  (0,0))),  provided  the  sample  is  such 

s 

that  absorption  and  multiple  scattering  can  be  neglected.   However, 
absorption  and  multiple  scattering,  while  sometimes  small,  usually 
cannot  be  neglected  and  the  data  must  therefore  be  corrected  for 
these  quantities.   In  Chapter  5  the  concepts  of  neutron  scattering 
time-of-f light  spectrometry  were  introduced  and  details  specific 
to  the  High  Flux  Isotope  Reactor  at  the  Oak  Ridge  National  Labora- 
tory were  discussed.   This  chapter  is  concerned  with  the  reduction 
of  the  time-of-f  light  data,  and  the  subsequent  extraction  of  S(Q,oj) 
from  such  data. 

The  basic  equation  for  the  analysis  of  the  time-of-f 1 Lght  data 
is  developed  below  with  the  aid  of  Figure  6-1,  typical  of  the  re- 
sults for  the  time-of-f light  data  for  xenon.   In  this  figure  the 
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Figure  6-1.   Raw  time-of-f light  data  for  xenon  plus  the  sample 
vessel  (•)  and  the  sample  vessel  alone  (o),  nor- 
malized to  the  total  incident  flux. 
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normalized  (to  the  total  incident  neutron  flux  on  the  sample)  neutron 
counts  at  a  detector  angle  of  11.8  degrees  is  shown  as  a  function  of 
time-of-f light  for  the  xenon  plus  the  sample  vessel  and  for  the  sam- 
ple vessel  itself.  To  get  the  spectrum  for  xenon  alone,  it  is  neces- 
sary that  the  contribution  from  the  sample  vessel  be  subtracted  from 
that  of  the  xenon  plus  the  sample  vessel.  Neglecting  absorption  and 
multiple  scattering  effects, 

i£(e,T)  =i*:+sv(e,T)  -isJ(6,t)    ,  (6-D 

where  I.A(0,f)  denotes  the  neutron  intensity,  as  a  function  of  angle 
and  times-of-f light  before  corrections  for  absorption  and  multiple 
scattering  are  made.   In  equation  (6-1),  the  superscripts  (Xe)  and 
(SV)  indicate  the  intensities  for  the  xenon  and  sample  vessel, 
respectively . 

A  peculiar  feature  in  Figure  6-1  is  observed  for  low  and  high 
times-of-f light:   the  normalized  counts  for  the  xenon  plus  the  sam- 
ple vessel  are  less  than  that  for  the  sample  vessel  alone.   This 
occurs  because  xenon  is  a  high  absorber  of  neutrons.   Designating 
A(6,t)  as  tne  absorption  correction,  equation  (6-1)  is  replaced  by 

i^+sv(b,t)    if(o,i) 

lf(6,T)=— ^ ,  (6-2) 

Xe+SV  SV 

A     (0,t)     A   (8,t) 

where  1.(0,  x)  is  the  neutron  intensity  after  corrections  are  made  for 
absorption  and  before  correcting  for  multiple  scattering.  Figure  6-2 
illustrates  the  effect  A(0,r)  has  on  the  data  of  Figure  6-1.  Details 
of  the  calculation  of  A(0,r)  are  discussed  in  section  6.3. 
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Figure  6-2.   Data  from  Figure  6-1  corrected  for  neutron 
absorption;  xenon  plus  sample  vessel  (•), 
sample  vessel  alone  (°). 
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If  I  (ft ,x )  is  the  intensity  of  neutrons  scattered  n-times,  the 
n 

total  scattering  can  be  written  as  the  sum 

I**(8,t)  =  I^B.t)  +  M(0,r)  ,  (6-3) 

where  M(0,x)  represents  the  contribution  due  to  multiple  scattering 
of  neutrons, 

M(e,x)  =  i2(e,x)  +  i3(6,t)  +  ...    •  (6-4) 

In  the  case  of  elastic  scattering,  Vineyard  (76)  introduced  the 

approximation 

I  (0)    I0(6) 

-6(6)  ,  (6-5) 


i    ,(e)      i,(o) 

n-l        1 


where  1.(0)  is  the  integrated  intensity 

1.(0)  =  f  dt  l.(0,t)  .  (6-6) 

o 

With  this  approximation  for  higher-order  scattering,  the  multiple 
scattering  contribution  becomes 

M(e)  =  6(e)  iw(e)  ,  (6-7) 

and  the  single-scattered  intensity  (elastic)  is  simply 

Ix(0)  =  I**(6)  -  M(6)  .  (6-8) 

Equation  (6-7)  is  generalized  to  inelastic  scattering  with  the 
assumption  that  the  multiple  scattering  of  neutrons  approach  thermal 
equilibrium  so  their  distribution  is  Gaussian  (77)  with  respect  to 
the  time-of -flight: 
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M(e,T)  m*Dm.    0-*~       .  (6-9) 


In  equation  (6-9),  X  =  Tf/x,  where  xf  is  a  parameter  determined  by- 
fitting  to  the  data  (see  Section  6.2).   Combining  equations  (6-3)  and 
(6-9),  and  correcting  for  absorption,  the  desired  form  for  the  single- 
scattering  intensity  becomes 

^(6,1)  =  a(q  T)[Ifc»(6,T)  -*  6(6)e"x2  I  dt  I...,c(6,t)].     (6-10) 

o 

Again,  Ijl.,.(0,t)  is  the  neutron  intensity  before  correcting  for  multiple 
scattering  and  absorption,  and  I  (8,t)  is  the  fully-corrected  single- 
scattered  intensity. 

Because  each  detector  is  not  exactly  alike,  calibration  runs 
with  vanadium  and  air  were  made,  and  the  differential  scattering  cross- 
section  is  corrected  accordingly: 

Xe+SV 

j2      (ap)     I.    (6,t)  -  1,(0,1) 

do  _  r    van,  _1 1 (6-11) 

d'^         <°P>xe      lfA(6)  -  I*(6)    ' 

where  the  single-scattered  intensities  are  calculated  using  equation 
(6-10) .   In  equation  (6-11) ,  the  superscripts  (V+A)  and  (A)  are 
introduced  to  denote  the  vanadium  plus  air  and  air  intensities, 
respectively. 

6.2   Correction  for  Multiple  Scattering 

In  the  calculation  of  S(Q,Co)  it  is  necessary  to  separate  the 
primary  scattering  of  neutrons  from  the  secondary  and  higher  orders 
of  scattering.   The  problem  of  multiple  scattering  events  has  been 
treated  in  a  general  way  (78),  in  addition  to  the  rigorous  Monte 
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Carlo  (79)  calculations,  and  a  solution  for  the  multiple  scattering 
of  neutrons  by  infinite  slabs  of  an  isotropic  scatterer  has  been 
derived  by  Vineyard  (76) .   This  calculation  separates  the  primary 
scatter,  in  which  the  neutrons  have  been  diffracted  only  once,  from 
the  secondary  scatter,  where  two  diffraction  events  have  occurred, 
and  finally  from  all  subsequent  higher-order  events. 

Blech  and  Averbach  (80)  followed  Vineyard  and  calculated  the 
scattering  ratio  for  a  cylindrical  sample.   The  ratio  of  secondary 
to  primary  scattering,  6(0),  was  evaluated  numerically  and  tabu- 
lated as  a  function  of  uR  and  R/H,  where  u  is  the  sample  attenuation 
and  R  and  H  are  the  cylinder  radius  and  height,  respectively.   These 
tabulated  values  were  used  to  estimated  the  multiple  scattering  con- 
tribution to  the  neutron  intensities,  and  the  results  are  summarized 
in  Table  6-1  and  Figure  6-3;  6(9)  was  assumed  to  be  zero  for  air  and 
independent  of  angle,  as  suggested  by  Blech  e_t   al.  (80). 

The  generalization  of  Vineyard's  theory  of  multiple  scattering 
to  inelastic  scattering  assumes  that  the  velocities  of  the  scattered 
neutrons  are  Gaussianly  distributed  (77)  ,  as  suggested  by  equation 
(6-9).   Upper  and  lower  bounds  on  the  parameter,  !„,  can  be  estab- 
lished via  physical  arguments.   For  situations  where  most  of  the 
neutrons  are  scattered  elastically  then  leave  the  sample,  I \-  would 

correspond  to  1/v  ,  where  v   is  the  average  incident  neutron 
o        o 

velocity.   On  the  other  extreme,  if  the  neutrons  were  scattered 
several  times  such  that  they  come  to  thermal  equilibrium  before 
leaving  the  sample,  rf  would  approach  l/v_ ,  where  v   is  the 
neutron  velocity  when  in  thermal  equilibrium  with  the  sample, 


TABLE  6-1 


RATIO  OF  TWICE-SCATTERED  TO  SINGLY-SCATTERED  NEUTRONS  (<S) 
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Material 

5 

Vanadium 

0.051 

Aluminum 

0.026 

mole 
Xenon :   p  ,  -  . 

liter 

3.08 

0.050 

3.80 

0.045 

4.67 

0.040 

5.51 

0.038 

7.60 

0.037 
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Figure  6-3.   The  ratio,  5,  of  twice-scattered  neutrons  (I.,)  to  singly 
scattered  neutrons  (Ii)  as  a  function  of  the  xenon 
density;  p  =  0  corresponds  to  the  aluminum  sample  vessel. 
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v   =  (—)h      .  (6-12) 

t     ra 


In  equation  (6-12),  k  is  Boltzmann's  constant,  m   is  the  neutron  mass, 
and  T  is  the  sample  temperature.   Clearly,  if  v  >  v  ,  then 


Msec         1  1 


sec 


365  -^  =  -     <  Tf  <•  ~     =555  -2^   .  (6-13) 

m  v  t        v  m 

t  o 

Figure  6-4,  a  plot  of  the  multiple  scattering  contribution  ( ) 

superimposed  on  the  experimental  time-of-f light  spectrum  ( ), 

illustrates  the  procedure  followed  in  estimating  [  .   Since  the  sin- 
gle scattering  is  nearly  elastic  at  low  angles,  and  5(G)  and  t,  are 
assumed  to  be  independent  of  angle,  the  wings  of  the  distribution  at 
low  angles  are  determined  by  the  multiple  scattering.   The  parameter 
T   was  specified  by  fitting  equation  (6-9)  to  the  wings  of  the  experi- 
mental data  at  the  lower  angles  (up  to  20=15  ).  In  practice  it  was 
found  that  multiple  scattering  contributed  only  a  small  portion 
(^  1%)  to  the  total  peak  area,  so  that  the  value  of  t,  was  not 

critical;  rc    =    490  n    /m  was  used  in  the  analysis.   This  value  lies 
f       Hsec 

in  the  range  of  equation  (6-13). 

6.3   Correction  for  Absorption 

Theoretical  expressions  which  describe  the  scattering  of  neutrons 
are  usually  derived  by  considering  a  sample  so  thin  that  neutron  ab- 
sorption can  be  neglected.   In  practice,  both  the  incident  and  the 
scattered  beams  are  subject  to  self-absorption,  not  only  within  the 
sample  itself,  but  to  further  absorption  within  the  walls  of  the 
sample  vessel.   As  with  multiple  scattering,  corrections  must  be 
made  for  absorption  before  experimental  data  are  treated  on  an 
absolute  basis. 
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Figure  6-4.   Procedure  used  for  estimating  t f  in  equation 
(6-9).   The  xenon  time-of-f light  spectrum 

( )  is  shown  for  low  angles,  and  ( )  is 

the  multiple  scattering  correction  of  equation 
(6-9)  .   Note  that  this  figure  is  not  drawn  to 
scale . 


Blake  (81)  presented  formulae  and  tables  for  the  self  absorption 
of  X-rays  within  a  cylindrical  sample,  and  Ritter  (82)  extended  the 
analysis  by  considering  the  effect  of  an  annular  cell  surrounding  a 
sample  which  is  fully  exposed  to  a  uniform  incident  beam.   The  compu- 
tations are  lengthy  and  involved,  especially  if  carried  out  by  the 
graphical  technique  employed  by  Ritter.   Paalman  and  Pings  (83) 
placed  Ritter1 s  computation  into  a  rigorous  mathematical  form,  and 
Kendig  and  Pings  (84)  generalized  the  method  to  incident  X-ray  beams 
of  arbitrary  dimensions.   The  extension  to  neutron  beams  i:j  straight- 
forward and  is  discussed  below. 

Assuming  that  the  sample  and  vessel  can  be  homogenized  (see 
Appendix  I),  the  expression  given  by  Kendig  and  Pings  for  the  ab- 
sorption factor,  A(0,t)»  reduces  to  the  following: 


(6-14) 


A(0,t)    =    (A   (a)    +  A    (b)}    ]    (SR(a,o)    +  ST(a,o) 

+   SR(b,l)    +   ST(b,l) }    , 

where 

2  md                      3m                      r) 

SR(d,q)=^  I  (1-^)1     expI-w^V^u^  +  Hir.e) 

3m  m=l                   n=l 


yj(s)(r    ,o)       +  qir,8)]    ,  (6-15) 


2  d 

ST<d,q)--2§       f        d-^)  ZCeKPl-y^Cva^  +  qir,. 

3m        m=ni  ,  ,  n  n=l 
s             d+1 


+  exp[-u.£        (r    , tt-oi       +  qn,1 
is  m  inn 


u   £(s)(r    ,    ir-u)       +  qn,B)]  }     ,  (6-16) 

s    s  m  mn 
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A    (d)    =  \  R2   -   R2   cos    1    (-I4L)   +   ld|     (R2   _   d2y-  (6-17) 

si  R  '     ' 


d   -    K    <V}    +  V       '  (6-18) 


and 


v    R   7         2 
[•^  sin"1    (-1^-1)    +  i]       .  (6-19) 


The  brackets  in  equations  (6-18)  and  (6-19)  signify  the  "greatest 

integer  in."   In  equations  (6-15)  and  (6-16),  m_  is  an  arbitrary 

parameter  determining  the  size  of  the  area  elements.   It  was  found 

that  a  value  of  50  for  m  was  sufficient  to  ensure  convergence  of  the 
s 

summations . 

In  equations  (6-15)  and  (6-16),  p.  is  the  total  attenuation  for 

the  incident  beam,    u   is  the  total  attenuation  for  the  scattered 
s 

beam,  and  I         and  I         are  the  corresponding  path  lengths: 
s        s 

£(1)(r,w,  0)  =  r  cos  co  +  (R2  -  r2  sin2  u)H    ,        (6-20) 
s 

JCgS)(r,u,e)  =  -r  cos(oj-20)  +  [R2  -  r2  sin2(oj-26)  p.     (6-21) 

For  elastic  scattering,  u.  =  ]i   ,    and  the  expression  for  A(6,t)  reduces 
to  that  given  by  Kendig  and  Pings  (84) . 

It  was  assumed  in  all  calculations  that  the  total  attenuation  for 
a  particular  wave-length,  A,  is  given  by 


M<*>  "  [f-  °a(Aref)  +  °s]  Peff 


Aref 


(6-22) 


where  a  (A  ,-)  is  the  absorption  cross-section  at  the  reference  wave- 
s   ref 

o 
length  (usually  taken  as  1.8  A),  a     is  the  scattering  cross-section, 

and  o  rr   is  the  effective  sample  number  density  (see  Appendix  I). 
Meff 


170 

For  the  incident  beam,  p.  =  u  (A  ),  where  ,\   is  the  incident  neutron 
wavelength  (2.2  A).   The  scattered  wavelength,  X   .,  corresponding  to 
time  channel  i,  is  given  by 

A   .  =  (-T-)  1c    ,  (6-23) 

where  c   is  the  channel  width,  (12.093  u    ),  h  is  Planck's  constant, 
w 

5  ,  is  the  flight  path  (1.517  meters),  and  m   is  the  neutron  mass. 

^Sd  or  n 

The  attenuation  of  the  scattered  beam  is  calculated  for  each  time 
channel,  using  equation  (6-23)  for  X   .,  and  the  effect  of  the  change 
in  neutron  velocity  due  to  the  scattering  process  is  shown  in 
Figure  6-5  for  a  particular  scattering  angle  (0  degrees)  and  a  xenon 
density  of  7.6  mole/liter.   The  cross-sections,  o   and  og,  for  xenon, 
vanadium,  and  aluminum  are  summarized  In  Table  6-2;  A(0,t)  was 
assumed  to  be  unity  for  air. 

Figure  6-6  is  a  comparison  of  the  experimental  xenon  transmissions, 

(Mon  11/Mon  I)     , 

A(f,-0     T  )    = sample  (6_24) 

Aie-o,  r  )        (Mon  II/Mon  J) 

v  empty 

where  %      is  the  time-of-f light  corresponding  to  the  elastic  channel, 
o 

with  the  values  calculated  from  equation  (6-14),  and  Mon  (...)  denotes 
the  integrated  counts  of  monitor  (...).   The  experimental  transmissions 
are  reported  in  Table  6-3  as  a  function  of  the  xenon  density.   Also  in- 
cluded for  completeness  are  the  vanadium  and  sample  vessel  trans- 
missions. 
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Figure  6-5.   Behavior  of  the  absorption  correction,  A(G,t),  as  a  ruction 
of  the  time-of-flight;  0  =  0°,  p  =  7.6  mole/liter. 
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TABLE  6-2 

ABSORPTION  (A=1.8  %)    AND  SCATTERING  CROSS-SECTIONS 
FOR  ALUMINUM,  XENON  AND  VANADIUM 


Material 

a  ,  bar 
a 

Aluminum 

0.235 

Xenon 

37.5 

Vanadium 

4.98 

0  ,  barn 


1 

41 

4 

3 

5 

06 
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Figure  6-6.   Comparison  of  the  experimental  transmissions 

(•).,  equation  (6-24)  with  the  calculated  trans- 
missions ( ,  equation  (6-14)  for  0  =  0°). 

The  effective  xenon  number  density  is  obtained 

by  homogenization  of  xenon  plus  the  sample  vessel, 


TABLE  6-3 


EXPERIMENTAL  TRANSMISSIONS 
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Material 

p,  mole/liter 

A(6=0) 

Xenon 

3.08 

0.65 

3.80 

0.57 

4.67 

0.52 

5.51 

0.46 

7.60 

0.31 

Aluminum 

94.6 

0.95 

Vanadium 

117.0 

0.72 
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6.4  Normalization  of  Data 

In  this  section  the  conversion  from  time-of-f light:  units  to 
energy  units,  and  the  subsequent  normalization  of  S(Q,w)  to  S(Q),  is 
discussed.   From  the  equation 


ti   a).  =  E   -  E.  ,  (5-1) 

l     o     1 

and  the  fact  that  E.  can  be  written  in  terms  of  the  time-of-f light , 

l 

m 

E.  -  — -S  ,  (6-25) 

l    0  2 

2x  . 
l 

The  following  relationship  between  doj  and  di  exists: 


3  da) 

dt    1 


(6-26) 


where  c,  is  defined  as  the  ratio  m  /-ft.   In  this  way  the  differential 
1  n 

scattering  cross-section  becomes 


2  2 

do  =  1   3  d  o 

dQdoj   c     dftdx 


(6-27) 


From  equation    (1-26) , 


da       k 


$(Q,u>)    , 


(6-28) 


dildu        k 
o 

where  the  wave  vector,  k,  is  written  in  terms  of  the  time-of-f light 


-fik  = 


(6-29) 


and  the  tilde  over  S(Q,U))  denotes 


%(Q.U)  -  b(2ohS(Q,W)  +  b;icohSs(Q,aO  , 


(6-30) 
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the  following  equation  for  S(Q,co)  is  obtained: 

Equation  (6-31)  is  not  the  final  form  for  S  (Q ,  0)) ,  however,  since  con- 
sistency should  be  achieved  by  normalizing  the  data  to  S(Q). 

The  connection  between  S(Q,U))  and  the  static  structure  factor  is 
given  in  equation  (5-3)  and  reproduced  below  for  convenience: 

S(Q)  =   da)  S(Q,ui)   .  (5-3) 

Hence  we  see  that  S(Q)  involves  an  integration  of  S(Q,o>)  over  w  at 
constant  Q.   In  view  of  the  relationship  between  Q  and  u\    i.e., 

2    2 

^_  =  2E  +  ^u>-  2(E^  +  *uJS  )h   cos  29,  (6-32) 

2m      o  0      o 

n 

the  momentum  transfer  reduces  to  that  for  elastic  scattering, 

4  it  sin  0 


X 


(5-10) 


only  when  the  neutron  energy,  E  ,   is  high  compared  to  the  energy 
transfer,  -tioj  (85).   In  Figure  6-7  the  functional  dependence  of  OJ 
on  the  momentum  transfer  is  illustrated  for  various  scattering  angles. 
As  is  evident  from  the  figure,  Q  remains  essentailly  constant  with 
angle  for  the  experimental  conditions  of  interest. 

As  implied  by  equation  (6-32),  small  changes  in  energy  on 
scattering  cause  changes  in  the  momentum  transfer  between  the  neutron 
and  the  xenon  atom.   For  this  reason, 

-}-CO  UJ 
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Figure  6-7.   An  (ijj,Q)  diagram  for  various  scattering  angles,  20. 
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only  if   k  =  k  and  Q  is  not  a  function  of  the  energy  transfer.   In 

J  o 

the  limiting  case  of  the  energy  transfer  being  small  compared  with 
the  incident  energy,  S  ff(Q)»  determined  by  the  integration 

CO 

,       2 

%   (0)  =   dT  (-—■)    ,  (6-34) 

effW    I     MQdr   ' 

o 

is  related  to  the  true  structure  factor, 

*«>  -  (  **&&  •  <6-35) 


through  (86)  equation  (6-36): 


$  ff(Q)  =  3(Q)  -  2§  if  ~   sin  (6/2)]  .  (6-36) 

o 

Here,  M  is  the  atomic  mass  of  xenon,  k  is  Boltzmann's  constant  and  T 

is  the  sample  temperature.   For  xenon  at  room  temperature,  the  Placzek 

correction,  i.e.,  the  bracketed  term  in  equation  (6-36),  is  negligible 

so  that  &(Q)  can  be  determined  by  direct  integration  of  the  time-of- 

flight  spectrum,  as  implied  in  equation  (6-33) . 

For  comparison  with  theory,  S(Q,w)  is  normalized  to  S(Q) ,  with  the 

result 

*«•»>  "  (^>  NW)  (3^»  '  <6-37> 

where  N(Q)  is  the  normalization  constant 

b2  .  S(Q)  +  b2   , 
N(Q)  =  _£°h_ —-IS"*   .  (6_38) 

3 

'\j 

Equation  (6-37)  is  the  final  form  for  S(Q,co). 
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6.5   Instrument  Resolution  and  Stability 

In  Chapter  7  the  theoretical  results  of  Chapters  2,  3,  and  4 
are  compared  with  experimental  measurements  of  S(Q,u>)  and  S(Q)  for 
low  density  xenon  gas.   Experimental  results  of  this  kind,  however, 
include  the  resolution  broadening  of  the  spectrometer  and  must 
therefore  be  compared  to  theoretical  results  which  have  been 
broadened  by  the  same  function.   Also  crucial  to  the  comparison  of 
theory  and  experiment  is  an  estimation  of  instrument  stability  during 
the  experimental  runs.   Resolution  and  stability  of  the  spectrometer 
are  discussed  in  this  section. 

6.5.1   Instrument  Resolution.   The  instrument  resolution  func- 
tion is  deduced  from  time-of -flight  data  taken  with  a  vanadium  spiral 
of  approximately  the  same  dimensions  as  the  xenon  sample  vessel.   The 
Debye  temperature  of  crystalline  vanadium  is  r^   350  K  so  that  at  room 
temperature  the  scattering  is  mainly  elastic.   Also,  since  the  two 
spin-weighted  scattering  amplitudes  for   V  are  almost  equal  in  magni- 
tude but  opposite  in  sign,  interference  effects  can  be  neglected. 
Hence,  the  scattering  is  isotropic,  and  the  spectrum  scattered  by 
vanadium  (see  Figure  6-8)  consists  mainly  of  an  elastic  peak  (86) . 
Figure  6-8  is  the  resolution  function  to  be  convoluted  with  the 
kinetic  theory  in  Chapter  7,  and  represents  an  average  over  three 
separate  runs  and  thirty  scattering  angles.   That  the  energy  resolu- 
tion of  the  spectrometer  is  poor  is  best  seen  in  Figure  6-9,  where 
the  resolution  function  is  superimposed  on  a  typical  xenon  (i.e., 
11.8  degrees)  spectrum.   From  Figure  6-9  one  can  conclude  that  a 
great  deal  of  the  width  seen  in  the  xenon  time-of-f light  spectra  is 
due,  not  to  xenon,  but  to  broadening  by  the  spectrometer. 
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Figure  6-8.   The  spectrometer  resolution  function  R(w) .   The 
closed  circles  are  the  data  and  the  solid  line 
is  drawn  as  a  visual  aid. 
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Figure  6-9.   Comparison  of  the  spectrometer  energy  resolution 

function  ( )  with  a  typical  xenon  spectrum 

( ) .   Both  are  normalized  to  a  peak  value  of 

unity  for  comparison. 
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6.5.2   Instrument  Stability.   In  Chapter  5  we  indicated  several 
possible  sources  of  experimental  error.   For  convenience,  we  list 
these  below: 

(1)  Oscillations  due  to  pseudo-random  correlation 
technique  (Section  5.2) 

(2)  Large  contribution  to  time-of-f light  spectra 
from  air  scattering  (Section  5.3) 

(3)  Loose  cadmium  vanes  (Section  5.3) 

(4)  RF  pickup  on  detectors  (Section  5.3) 

One  additional  source  of  error  not  covered  above  is  that  due  to 
counting  statistics.   In  particular,  if  A  is  the  area  under  the 
peak  (refer  to  Figure  6-10),  and  B  is  the  background  area,  then  the 
uncertainty  in  the  peak  area  (A-B)  is  simply  /A  +  B.   As  we  dis- 
cussed in  Section  6.1  (see  equation  (6-11)),  the  static  structure 
factor  is  proportional  to  the  ratio 

Xe  +  SV 

««  -  L    V  +  A'"'  '  'a  W>   ■  <"« 

IV  +  *(())  -  IA(Q) 

where  I(Q)  is  the  integrated  time-of-f light  spectrum;  (Xe  +  SV)  de- 
notes the  xenon  plus  sample  vessel,  (V  +  A)  denotes  vanadium  plus  air, 
and  so  on.   Associated  with  each  peak  area  is  an  uncertainty,  so  that 
a  more  appropriate  form  for  equation  (6-39)  is 

KQ)  = T  !aa  ±  AV-^  .  (6-40) 

I  (Q)  ±  AI  (Q) 

where 

Xe       Xe  +  SV       SV 
I   (Q)  E  I       (Q)  -  I   (Q)  , 


(6-41) 


IV(Q)  =  IV  +  A(Q)  -  IA(Q)  , 
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TIME -OF -FLIGHT 


Figure  6-10.   Areas  used  in  estimating  errors  due  to  counting 
statistics.   The  shaded  area  (A)  is  the  area 
under  the  central  peak  and  the  two  background 
areas  (B/2)  are  separated  from  (A)  by  vertical 
lines. 
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and  Al(Q)  are  the  associated  errors 
Xe  Xe  +  SV 


SV 


AI      (Q)   =    ([AI  (Q)]2  +    [AI      (Q)]V   , 


AIV(Q)    =    ([AIV  +  A(Q)]2  +   [AIA(Q)]2)'2     • 


(6-42; 


Using    these   relationships,    the   error    in   S (Q) ,   AS(Q),    can  be   esti- 
mated   (87): 


Xe 


S@K    ([AI      (Q)]2+    [AlMr 


S(Q) 


) 


(6-43) 


I      (Q)  I    (Q) 


According  to  equation  (6-43),  the  error  in  S(Q)  due  to  counting 
statistics  only  is  on  the  order  of  1-2%.   Table  6-4  gives  typical 
values  for  peak  area  and  background  counts  for  xenon,  vanadium,  the 
sample  vessel,  and  air.   For  the  integrated  vanadium  spectra  the 
error  was  estimated  to  be  on  the  order  of  2  per  cent. 

In  Figure  6-11,  IV(Q)  is  plotted  as  a  function  of  Q  for  three 
different  (high,  low  angle)  vanadium  runs.   Included  in  the  figure 
is  the  least  squares  fit  of  the  data  (solid  line)  and  a  +  2%  error 
bar  (dashed  lines)  representing  the  error  due  to  counting  statistics. 
As  indicated  in  the  figure,  most  of  the  data  lie  outside  the  esti- 
mated error  limits,  implying  that  the  main  contribution  to  the  ex- 
perimental error  is  due  not  to  counting  statistics,  but  probably 
must  be  attributed  to  one  of  the  four  sources  mentioned  above.   This 
inevitably  leads  to  the  conclusion  that  the  spectrometer  was  some- 
what unstable  during  operation,  and  therefore  it  seems  reasonable  to 
expect 

(1)  the  data  on  S(Q)  are  poor  (^  5%) 

(2)  the  ratios   ^/A)    a):e  acceptable  since  these  errors 
should  cancel  one  another. 


TABLE  6-4 


TYPICAL  PEAK  (Np)  AND  BACKGROUND  (N  )  COUNTS  FOR  XENON ; 
THE  SAMPLE  VESSEL,  VANADIUM,  AND  AIR 
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Material 


Xenon 
Vessel 
Vanadium 
Air 


850525 
931588 
607398 
416810 


N 


1205173 
1301878 
1075700 
613205 


For  a  24  hour  run. 
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Figure  6-11.  Integrated  vanadium  spectrum  (air  subtracted)  as  a  function 
of  the  scattering  angle.  The  solid  line  is  a  least  squares 
fit  of  the  data  (•)  and  the  dashed  lines  denote  a  ±2%  error 
bar  due  to  counting  statistics. 


CHAPTER  7 

COMPARISON  OF  THEORY  WITH  EXPERIMENT 

7.1   Introduction 

The  theme  of  this  thesis  has  been  the  theoretical  and  experi- 
mental investigation  of  the  structure  and  dynamics  of  a  simple  gas. 
In  Chapter  2  the  problem  of  obtaining  information  concerning  the 
intermolecular  forces  from  neutron  scattering  data  was  considered. 
The  static  structure  factor,  S(Q),  was  expanded  in  powers  of  the 
density, 

S(Q)  =  1  +  PS1(Q)  +  p2S2(Q)  +  ...  ,  (2-13) 

and  S  (Q)  was  shown  to  be  a  direct  measure  of  the  pair  potential, 

d>  .,  S„(0)  a  function  of  both  d> .  .  and  the  three-body  potential, 
ij    2  '  i] 

<f>   , ,  and  so  on.   The  kinetic  theory  for  the  dynamic  structure  factor, 
Yijk 

S(Q,w),  written  in  terms  of  a  formal  collision  operator,  was  presented 
in  Chapter  3,  and  Chapter  4  was  concerned  with  the  problem  of  solving 
the  kinetic  equation  once  the  collision  operator  has  been  identified. 
In  particular,  S(Q,w)  was  evaluated  using  the  N=6  Cross-Jackson 
kinetic  model  for  a  dilute  gas  of  hard  spheres.   Finally,  Chapters  5 
and  6  discussed  details  of  the  neutron  scattering  experiment  per- 
formed on  low  density  xenon  gas  at  the  Oak  Ridge  National  Laboratory. 

In  this  chapter  the  connection  between  theory  and  experimental 
results  is  made.   Section  7.3  compares  the  density  expansion  with 
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experimental  measurements  of  S(Q).   The  theoretical  calculation  of 
the  static  structure  factor  is  carried  out  assuming  the  Barker  pair 
potential  for  xenon  (see  equations  (2-9)  and  (2-10)),  and  the  three- 
body  contribution  to  the  intermolecular  potential  is  modeled  using 
the  Axilrod-Tel 1 er  dispersion  potential  (equation  (2-11)).   In  Sec- 
tion 7.4  the  isothermal  pressure  derivative  of  the  static  structure 
factor  (related  to  the  three-point  correlation  function  in  Section 
2.3)  is  obtained  by  differencing  the  experimental  data  for  S(Q)  at 
two  different  pressures.   The  analysis  of  the  time-of-f light  data 
is  performed  using  the  N=6  Gross-Jackson  kinetic  model  for  a  fluid 
of  hard  cores.   A  comparison  of  this  model  (assuming  (i)  hard 
spheres  and  (ii)  hard  cores  having  attractive  forces)  with  experi- 
mental measurements  of  S(Q,ui)  (equation  (6-30))  is  made  in  Section 
7.5.  Finally,  experimental  measurements  of  the  isothermal  pressure 

1    •    -  J       a  S  ( Q  ,  W )  .   ,   .    „    _  .     -,     , 

derivative, —  ,  are  presented  in  Section  /.b. 

7.2   Treatment  of  Data 

Corrections  (of  the  time-of-f light  spectra)  for  multiple 
scattering  and  absorption  of  neutrons,  and  the  normalization  of  the 
dynamic  structure  factor  to  S(Q),  were  discussed  in  Chapter  6.   In 
this  section,  theory  and  experiment  are  put  on  an  absolute  basis 
by  requiring  the  experimental  values  of  S(Q)  at  the  second  node   to 
agree  with  the  theoretical  calculation  of  S(0)  at  the  same  point. 


Here,  we  define  a  "node"  of  S(Q)  to  be  a  Q-value  at  which  S(Q)  =  1. 
For  example,  the  first  node  of  S(Q)  is  the  Q-value  (moving  from  Q=o) 
at  which  S(Q)  is  unity  for  the  first  time. 
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In  Figure  7-1  the  qualitative  behavior  of  S(0)  as  a  function  of 
Q,  observed  experimentally,  is  shown.   For  comparison,  the  corre- 
sponding S(Q)  as  predicted  by  the  density  expansion  (equation  (2-13)) 

is  included  ( )  .   An  examination  of  the  time-of-f light  spectra 

(see  Figure  7-2)  reveals  0  =  2.13  A   and  Q  =  2.19  A    (shown  by 
arrows  in  Figure  7-1)  to  be  pathological  data  points;  the  strong 
oscillations  in  S(Q,w)  make  the  calculation  of  S(Q),  i.e.,  the  area 
under  the  S(Q,oj)  curve,  questionable.   Since  Bragg  scattering  by  the 
aluminum  vessel  was  eliminated  by  placement  of  the  counters,  it  can 
only  be  concluded  that  Q  =  2.13  A    and  Q  =  2.19  A    correspond  to 
second-order  Bragg  scattering.   For  this  reason  these  values  were 
discarded  in  the  further  analysis  of  the  experimental  data. 

Time-of-f light  measurements  of  vanadium,  and  the  subsequent  in- 
tegrated values,  provide  the  spectrometer  energy  resolution  (dis- 
cussed in  Section  6.5)  necessary  to  put  the  experimental  values  of 
S(Q)  on  an  absolute  basis.   This  is  accomplished  by  the  ratio  of 
effective  scattering  cross-sections,  according  to  equation  (6-11). 
However,  because  of  the  instability  in  the  spectrometer,  the  absolute 
scale  was  not  reliable  and  it  was  decided  to  match  the  experimental 
values  of  S(Q)  at  the  second  node  (see  footnote  1,  and  arrow  in 
Figure  7-3)  predicted  by  the  density  expansion.   Applying  this  tech- 
nique to  the  data  in  Figure  7-1,  and  neglecting  the  Q-values  corre- 
sponding to  second-order  Bragg  scattering,  yields  Figure  7-3;  S(Q,u) 
was  adjusted  accordingly.   This  procedure  of  normalizing  S(Q)  was 
followed  for  all  experimental  runs. 
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Q  ,A 

Figure  7-1.   Qualitative  behavior  of  the  static  structure  factor 

observed  experimentally  (•)  and  predicted  from  the 

density  expansion  (equation  (2-13))  of  S (Q)  ( ). 

The  arrows  (Q  =  2.13  A~l,  Q  =  2.19  A"1)  denote  the 
pathological  data  points. 
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Figure  7-2.   Qualitative  behavior  of  S(Q,oj)  for  0  -  2.13  A 

and  Q  =  2.19  A-1.   The  large  oscillations  in  the 
background  are  due  to  second-order  Bragg  scattering. 
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Figure  7-3.   Data  of  Figure  7-1  with  S(Q  =  2.13  A"l)  and  S(Q  =  2.19  &   x) 
discarded.   The  remaining  S (Q)  values  are  normalized  to 
the  second  node  in  S(Q)  (arrow). 
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7.3   The  Static  Structure  Factor 

As  discussed  in  Section  6.4,  measurements  of  the  differential 
,2 

U   O         .  .  r 

scattering  cross-section,  -; — —  ,  yield  the  dynamic  structure  factor, 

aSl  dw 

S(Q,oj);  S(Q)  is  then  found  from  equation  (7-1): 


S(Q) 


S(Q)  -  b 


coh 


with 


3<Q)  =  f  du)   (,^) 


(7-1) 


(7-2) 


After  normalizing  the  data  by  the  procedure  discussed  in  Section  7.2, 
the  experimental  values  for  S(Q)  are  ready  for  comparison  with  the 
corresponding  values  predicted  by  the  density  expansion  of  S(0).   The 
calculation  of  S(Q)  was  first  performed  assuming  pairwise  additivity 
of  the  intermol ecular  potential  for  terms  up  to  and  including  S  (Q) 
in  the  expansion.   The  comparison  of  theory  (assuming  pairwise  addi- 
tivity and  the  Barker  pair  potential  for  xenon)  with  experiment  is 
shown  in  Figures  7-4  through  7-8.   Table  7-1  summarizes  the  experi- 
mental state  conditions  and  the  Q=o  intercept,  S(o),  as  calculated 
from  the  realtion  (17) 


S(o)  =  kT  (I2-) 

3P 


(7-3) 


Here,  (— r)   was  determined  from  the  xenon  equation  of  state,  equation 

3.  T 

(5-13). 

Despite  the  large  scatter  in  the  experimental  S(Q)  values, 
several  important  conclusions  concerning  the  data  can  be  reached.   To 
date  (88)  ,  there  have  been  only  a  few  experimental  measurements  of 
S(Q)  for  gases,  primarily  due  to  the  lack  of  high  intensity  neutron 
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Figure   7-4. 
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Comparison  of  the  density  expansion  (equation  (2-13)) 

of  S(0)  ( )  with  experiment  (•)•   Pairwise  additivity 

and  Barker's  pair  potential  for  xenon  were  assumed  for 
terms  up  to  and  including  S,,(Q).   State  conditions: 
P  =  51.7  atm,  p  =  3.08  mole/liter,  T  =  303  K. 
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Figure  7-5.   Same  as  Figure  7-4  except:   P  =  57.1  atm,  p  =  3.80  mole/ 
liter,  T  =  303  K. 
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Figure  7-6.   Same  as  Figure  7-4  except:   P  =  62.9  atm, 
p  =  4.67  mole/liter,  T  =  303  K. 
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Figure  7-7.   Same  as  Figure  7-4  except:   P  =  66.5  atm, 
p  =  5.51  mole/liter,  T  =  303  K. 
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Figure  7-8.   Same  as  Figure  7-4  except:   P  =  72.7  atm, 
p  =  7.60  mole/liter,  T  =  303  K. 
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TABLE  7-1 


SUMMARY  OF  EXPERIMENTAL  STATE  CONDITIONS 
ALL  RUNS  AT  T  =  303  K 


P,    atm 

p,    mole/liter 

S    (0) 

51.7 

3.08 

2.56 

57.1 

3.80 

3.40 

62.9 

4.67 

4.87 

66.5 

5.51 

8.44 

72.7 

7.60 

21.88 

S(o)  determined  from  equation  (7-3). 
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sources.   Therefore,  the  results  depicted  in  Figures  7-4  through 
7-8  are  gratifying  in  the  sense  that  definite  trends  in  the  experi- 
mental data  for  S(Q)  are  observed  with  changes  in  the  density.   This 
in  itself  indicates  the  applicability  of  neutron  scattering  tech- 
niques for  studying  the  structure  of  dilute  gases. 

As  seen  in  Figures  7-4  through  7-8,  the  experimental  data  and 
theoretical  predictions  for  S(Q)  are  in  disagreement.   One  immediate 
question  arises  in  this  comparison  between  theory  and  experiment: 
"have  enough  terms  been  included  in  the  density  expansion  of  S(Q)  to 
ensure  convergence  of  the  series?"   Although  the  question  of  con- 
vergence can  be  answered  by  direct  comparison  with  Monte  Carlo  results 
(as  discussed  in  Chapter  2),  Figures  7-9  and  7-10  are  somewhat  more 
revealing.   In  these  figures  the  effect  of  each  term  in  the  density 
expansion  of  S(Q)  is  shown  for  the  highest  (p  =  7.60  mole/ liter)  and 
lowest  (p  =  3.08  mole/liter)  densities  covered  experimentally;  the 
corresponding  experimental  data  is  included  for  comparison.   Based  on 
this  term-by-term  comparison  we  find  the  following: 

(1)  S(Q)  is  insensitive  to  higher  terms,  i.e.,  S  (Q) ,  S  (Q)  ,  .  .  . , 
beyond  the  first  peak  in  S(Q),  so  that  matching  experiment 
and  theory  at  the  second  node  is  valid, 

(2)  Higher  terms  tend  to  produce  a  steeper  slope  on  the  low-Q 
side  of  S(Q)  (for  Q  ^  1  A   ),  thus  widening  the  gap  between 
theory  and  experiment  in  the  range 

i.i  r1  <  q  <  1.5  x"1  , 
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Figure  7-9.   Term-by-term  comparison  of  S(Q)  for  xenon.   The  curves 
labeled  1,2,  and  3  are  for  terms  up  to  and  including 
S,,  S?  and  S.,  in  equation  (2-13),  respectively.   Pair- 
wise  additivity  and  Barker's  pair  potential  for  xenon 
were  assumed.   Full  circles  are  experimental  values. 
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Figure  7-10.   Same  as  Figure  7-9  except:   P  =  72.7  atm, 
p  =  7.60  mole/liter,  T  =  303  K. 
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(3)  Higher  terms  tend  to  fill  in  the  minimum  (0  %    0.8  A   ), 
thereby  narrowing  the  discrepancy  between  theory  and 
experiment  in  the  range 

0.5  X"1  <  Q  <  1.1  X"1  , 
and 

(4)  The  truncated  expression 

S(Q)  =  1  +  pS^Q)  +  p2S2(Q)  +  p3S3(Q)  ,      (7-4) 

appears  to  be  a  good  approximation  to  S(Q)  for  Lhe  density 
and  Q  ranges  studied  experimentally. 

These  results  suggest  that  the  Barker  pair  potential  for  xenon  may  be 
somewhat  in  error.   The  Barker  potential  was  determined  (12)  from 
macroscopic  data,  e.g.,  second  virial  coefficients,  as  was  done  by 
Barker  for  argon  (89)  and  krypton  (12) .   However,  because  of  the  lack 
of  accurate  data  available  for  xenon   (when  compared  with  argon) , 
Henderson  (90)  has  suggested  tentatively  that  Barker's  potential  may 
indeed  by  incorrect,  as  suggested  in  Figures  7-4  through  7-8.   As  a 

further  comparison  between  theory  and  experiment,  (S(Q)-l)/p*  is 

2 
plotted   in  Figure  7-11.   Included  in  this  figures  is  the  correspond- 
ing density  expansion  for  the  highest  ( ,  p  =  7.60  mole/ liter)  and 


2 
Note  that  (S (Q)-l)/p*  removes  the  linear  dependence  of  S(Q)  on  the 


density  and  is  therefore  sensitive^to  higher-order  terms  in  the 
lensity  expansion.   H( 
Jarker  pair  potential, 


density  expansion.   Here,  p*  =  pr   ,  where  r   is  the  minimum  in  the 
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Figure  7-11.   Plot  of  (S(Q)-l)/p*  versus  Q.   Included  are  the  results 

from  equation  (2-13)  for  p  =  7.60  mole/liter  ( )  and 

p  =  3.08  mole/liter  ( ).   Pairwise  additivity  and 

Barker's  pair  potential  for  xenon  were  assumed  for  terms 
up  to  and  including  S3(Q). 


205 

lowest  ( ,  p  =  3.08  mole/liter)  densities  covered  experimentally. 

The  fluctuations  in  the  data  shown  in  Figure  7-11  is  believed  to  be 
due  to  spectrometer  instability  as  discussed  in  Section  6.5.2.   To 
further  examine  the  function  (S (Q) -1) /p* ,  the  data  is  divided  into 

two  groups  (corresponding  to  pressures  above  and  below  the  critical 

—  1  i 

pressure  P   =57.89  atms)  below  0  =  1.0  A   ,  and  averaged   at  each 

value  of  Q;  for  Q  >  1.0  A   ,  data  for  all  pressures  were  averaged. 
The  results  of  the  averaging  process  are  shown  in  Figure  7-12.   In- 
cluded in  this  figure  is  the  first  term  in  the  density  expansion, 
S, (Q) ,  thus  providing  a  useful  comparion  between  theory  and  experi- 
ment .   The  solid  line  ( )  in  Figure  7-12  is  an  "eye-ball"  fit  of 

the  averaged  S(Q)  points,  and  serves  as  a  guide  in  comparing  the 
data  with  S, (Q) .   As  shown  in  the  figure,  the  data  and  theory  are 
shifted  in  Q-space,  again  suggesting  Barker's  pair  potential  for 
xenon  to  be  somewhat  erroneous.   However,  before  coming  to  any  firm 
conclusion,  we  must  first  consider  the  impact  of  non-additivity  in 
the  intermolecular  potential  on  S(Q).   To  do  so,  we  consider  the 
three-body  potential  function. 

As  mentioned  in  Chapter  2,  Barker  e_t   al.  (12)  found  that 
satisfactory  agreement  between  calculated  and  experimental  macro- 
scopic properties  were  obtained  by  including  only  the  third-order 
triple-dipole  (Axilrod-Teller)  three-body  dispersion  interaction 
(given  by  equation  (2-11)).   Figures  7-13  and  7-14  are  the  results 


3 
By  averaging  at  each  Q-value  it  is  hoped  that  a  large  portion  of 

the  fluctuations  in  S(Q)  will  be  removed. 
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Figure  7-12.   Results  of  averaging  the  data  from  Figure  7-11.   Open 
circles  (°)  are  averages  for  P  <  Pc,  crosses  (+)  are 
averages  for  P  >  Pc,  and  full  circles  (•)  are  averages 
for  all  P  at  fixed  Q;  Pc  is  the  critical  pressure  for 
xenon.   Included  is  the  first  term  in  the  density 

expansion,  S-^Q)  ( ).   The  solid  lines  are  drawn  as 

a  visual  aid. 
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Figure  7-13.   The  effect  of  non-additivity  of  the  intermolecular 

potential  on  S(Q).   Non-additivity  in  S2(Q)  ( )  was 

modeled  using  the  Axilrod- Teller  dispersion  potential; 
the  dashed  line  was  calculated  assuming  pairwise  addi- 
tivity  and  Barker's  potential  for  xenon  for  terms  up  to 
and  including  83(0,). 
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Figure  7-14.   Same  as  Figure  7-13  except:   P  =  72.7  atm, 
p  =  7.60  mole/liter,  T  =  303  K. 
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( )  of  adding  the  Axilrod-Teller  potential  to  S„(Q);  S„(Q)  is 

calculated  assuming  pairwise  additivity  in  the  intermolecular 
potential  energy.   For  comparison,  S(Q)  as  calculated  by  assuming 

pair-wise  additivity  is  included  ( )  in  Figures  7-13  and  7-14 . 

The  addition  of  the  non-additive  three-body  term  to  S?(Q)  is  seen 
to  reduce  the  discrepancy  between  theory  and  experiment.   Agree- 
ment between  the  measured  values  of  S(Q)  and  those  predicted 
assuming  the  Axilrod-Teller  non-additive  correction  is  much  better 
at  the  lower  density,  perhaps  suggesting  that  non-additivity  in 
S~(Q)  may  be  important  at  the  higher  densities. 

In  light  of  the  effect  of  the  Axilrod-Teller  three-body  dis- 
persion potential  on  the  calculated  S(Q)  values,  it  is  not  possible 
to  distinguish  between  an  error  in  the  pair  potential  (Figure  7-4) 
or  an  error  in  the  three-body  potential  (Figure  7-13)  in  explaining 
the  discrepancy  between  theory  and  experiment.   More  data  should  be 
taken  over  the  same  (and  perhaps  a  lower)  density  range,  concentrating 
on  the  region  0,5  A   <  Q  <  2.0  A   ,  and  the  non-additive  contribution 
of  the  intermolecular  potential  to  S^,(Q)  should  be  investigated.   It 
is  likely  that  a  combination  of  uncertainty  in  both  the  pair  and 
three-body  potentials  contribute  to  the  discrepancy  between  S(Q)  cal- 
culated via  equation  (7-3)  and  what  is  observed  experimentally. 

7.4   The  Isothermal  Pressure  Derivative  of  S(Q) 

In  Section  2.4  the  relationship  between  the  isothermal  pressure 

3S(Q)      .   ,       .  .        ,   J 

derivative,  — -— -  ,  and  the  static  three-point  correlation  function, 

or 

(3)  _>   _,.   ^  3S(Q)  .,_.,.. 

§    (li >  Ioj  1o) >  was  discussed.   Here,  — — ^—  is  obtained  from  the 

experimental  data  of  Section  7 . 3  by  differencing  S(0)  at  two  different 

pressures: 
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3S(Q)  _  S^P2>  -  S^V 

3P         P2  -  ?1  *  U  ^ 

Since  the  spectrometer  has  been  demonstrated  to  be  unstabLe,  dif- 
ferencing adjacent  pressures  does  not  yield  satisfactory  results  for 

„   .   Therefore,  widely  spaced  pressures  are  taken  to  evaluate  the 

isothermal  pressure  derivative.   in  Figures  7-15  and  7-16  the  dimen- 

sionless  pressure  derivative,  pkT  — — —  ,    is  shown  as  a  function  of 

1      3P 

Q  for  the  differences  ("9  =  62.9  atm,  P   =  51.7  atm)  and  (F„  =  72.7  atr 
P   =  62.9  atm),  respectively.   The  density  used  to  reduce    \j   is  the 
average  density  between  P„  and  P, , 

pfl\)  +  pG\) 
p(P)  =        2 , 

with 


P1  +  P9 
P  -  _i 2  .  (7_6) 


The  corresponding  (theoretical)  pressure  derivative,  calculated  from 
equation  (7-4)  assuming  pairwise  additivity  and  Barker's  pair  poten- 
tial for  xenon,  is  included  ( )  for  comparison.   Although  the 

pressure  differences  are  essentially  the  same,  the  corresponding  densi- 
ty differences  differ  by  a  factor  of  two  between  Figures  7-15  and 
7-16.   It  is  therefore  not  surprising  that  the  scatter  in  the  data  is 
considerably  lower  in  Figure  7-16  (Ap  ^  3  mole/liter)  than  in  Figure 
7-15  (Ap  x   1.5  mole/liter).   Nevertheless,  the  scatter  in  the  experi- 
mental data  is  quite  large  in  both  instances  and  is  believed  to  be  the 
results  of  spectrometer  instahility  (Section  6.5).   For  this  reason, 

no  definite  conclusions  can  be  made  concerning  the  behavior  of '-  , 

SP 

and  hence  g    (q  ,  q.?,  q„)  ,  for  gaseous  xenon.   However,  since  the 
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Figure  7-15.   Comparison  of  theory  ( )  with  experiment  (•)  for 

3S(Q)/9P.   Pairwise  additivity  and  Barker's  pair 
potential  for  xenon  were  assumed  for  terms  up  to  and 
including  S  (Q)  ;  P2  =  62.9  atm,  P-j^  =  51.7  atm. 
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Figure  7-16.   Same  as  Figure  7-15  except:   P9  =  72.7 


Pi  =  62.9  atm. 


pt:   P2  =  ri.  I   atm, 
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difference 

S(Q,  P2)  -  S(Q,  P:) 

should  eliminate  random  fluctuations  for  a  given  detector,  these  re- 
sults confirm  the  belief  that  the  spectrometer  behavior  was  highly 
eratic  with  time. 

7.5   The  Dynamic  Structure  Factor 

In  this  section  we  present  the  kinetic  theory  analysis  of  the 

<\,  4 

time-of-f light  measurements  of  S(Q,w),  defined   through  equation 

(6-30): 

S(Q,u>)  =  b2   ,  S(Q,oj)  +  b2.    ,  S  (Q,w)  .         (6-30) 
coh  incoh   s 

In  order  to  achieve  a  uniform  and  consistent  comparison  between  theory 
and  experiment,  the  time-of-f light  measurements  are  normalized  to  the 
averaged  S(Q)  values  in  the  following  manner.   If  F(Q)  (given  in  Table 
7-2)  is  the  averaged  quantity  (S(Q)-l) /p* ,  i.e.,  the  solid  line  in 
Figure  7-11,  then  S(Q)  becomes 

Sa(Q)  =  1  +  p*  F(Q)   ,  (7-7) 

where  the  subscript  "a"  denotes  the  averaged  S(Q),  and  S(0,w)  is 
normalized  to  S  (0)  such  that 

do  S(Q,ui)  =  b2   .  S  (Q)  +  b2.    .  .  (7-8) 

coh   a        incoh 


4„ 
For  xenon, 


b2  ,  =  0.237 
coh 

b  .    u  =  0.110  . 
incoh 
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TABLE  7-2 


SUMMARY  OF  F(Q)  APPEARING  IN  EQUATION  (7-7) 


o-l 
QQ,    A 

F*(Q) 

F> 

0.58 

-0.79 

-0.51 

0.66 

-0.83 

-0.52 

0.74 

-0.82 

-0.52 

0.81 

-0.78 

-0.52 

0.89 

-0.63 

-0.51 

1.04 

-0.33 

-0.33 

1.11 

-0.03 

-0.03 

1.18 

0.10 

0.10 

1.26 

0.24 

0.24 

1.33 

0.44 

0.44 

1.48 

0.60 

0.60 

1.55 

0.80 

0.80 

1  .62 

0.83 

0.83 

1  .70 

0.63 

0.63 

1.77 

0.40 

0.40 

1.91 

0.26 

0.26 

1 .  98 

0.08 

0.08 

2.05 

0.05 

0.05 

2.33 

-0.07 

-0.07 

2.40 

-0.10 

-0.10 

2.47 

-0.12 

-0.12 

2.54 

-0.13 

-0.13 

2.60 

-0.13 

-0.13 

2.74 

-0.14 

-0.14 

2.80 

-0.15 

-0.15 

2.87 

-0.14 

-0.14 

2.94 

-0.13 

-0.13 

F  (Q)  is  obtained  by  averaging  for  P  <  P 
F  (Q)  is  obtained  by  averaging  for  P  >  P 
For  xenon  P   =57.89  atm. 
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Figures  7-17  (P  =  51.7  atm,  p  =  3.08  mole/liter,  T  =  303  K)  and  7-18 
(P  =  72.7  atm,  p  =  7.60  mole/liter,  T  =  303  K)  are  representative  of 
the  experimental  time-of-f light  spectra  observed  for  gaseous  xenon. 
Here  S(Q,w),  normalized  according  to  equation  (7-8),  is  shown  as  a 
function  of  the  frequency,  w,  for  various  values  of  Q.   The  static 
structure  factor,  S(Q),  is  included  as  an  additional  guide  in  follow- 
ing the  Q-dependenoe  of  S(Q,ijj),  and  the  full  lines  are  drawn  as  a 
visual  aid. 

7.5.1   Relationship  of  %(Q,U))  ,  S(Q,a)),  and  S,(Q,w)  to  Experiment. 
By  definition,  (equation  (6-30)),  S(Q,ui)  contains  contributions  from 
both  S(Q,(i))  and  S  (Q,w).   These  quantities  may  be  evaluated  from 
kinetic  theory,  once  a  suitable  collision  operator  M  is  determined, 
using  the  kinetic  modeling  discussed  in  Chapter  4.   Although  the  de- 
tails of  the  choice  of  collision  operator  and  characteristics  of  the 
kinetic  theory  are  not  discussed  until  Sections  7.5.2-7.5.4,  it  is 
useful  to  anticipate  the  results  for  the  purpose  of  illustrating  the 
relative  magnitudes  of  &,  S  and  S  .   Figure  7-19  illustrates  these 
functions,  S(Q,u>)  (---),  S  (Q,o))  ( ),  and  Sf(Q,u)  ( ),  calcu- 
lated from  a  kinetic  theory  chosen  to  give  adequate  agreement  with  ex- 
periment (see  Section  7.5.4).   Similarly,  Figure  7-20  shows  a  com- 

2      2 
parison  with  the  weighting  factors  (b   ,  ,  b  .    .  )  included,  i.e., 
1  °  °  coh     mcoh 

2  7 

b"   ,  S(Q,ijj)  ( )  and  b  .    .  S  (Q,io)  ( ).   As  shown,  the  self 

coh  mcoh   s 

structure  factor,  S  (Q,co),  is  a  significant  fraction  of  S(0, ;..-),  par- 
ticularly for  frequencies  greater  than  0.10  x  10    Sec    for  xenon  at 
Q  =  0.58  X_1. 
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Figure  7-17.   The  dynamic  structure  factor,  S(Q,w),  as  a  function 
of  oj  for  various  Q  values,   Here,  S(Q,w)  is  defined 
in  equation  (6-30),  (•)  are  experimental  points,  and 

( )  is  drawn  as  a  visual  aid.   Also  included  is  the 

static  structure  factor,  S(Q). 
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Figure  7-18.   Same  as  Figure  7-17  except:   P  =  72.7  atm,  p  =  7.60 
mole/liter,  T  =  303  K. 
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Figure  7-19.   Relative  magnitudes  of  S(Q,w)  ( )  and  SS(Q,  )  ( ) 

as  calculated  from  kinetic  theory.   Also  included  is 
£(Q,a))  ( )  defined  in  equation  (6-30). 
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Figure    7-20.      Contribution   of   b2      hS(Q,w)     ( )    and   b2 .  S    (S.ui) 
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To  compare  kinetic  theory  with  measured  values  of  S(0,u)),  the 
kinetic  model  calculations  must  first  be  convoluted  with  the  spec- 
trometer resolution  function,  R(u) ,  as  discussed  in  Section  6.5.   We 
see  from  Figure  7-21  that  the  theoretical  calculations  are  signifi- 
cantly broadened  by  the  spectrometer.   The  solid  line  ( )  in  Figure 

7-21  is  the  result  of  convoluting  the  kinetic  model  ( )  for  S(Q,w) 

with  the  spectrometer  resolution  function  ( )  according  to  equa- 
tion (7-9): 

£  (Q,u>)  ,    I  doj"  g(Q.u')  R(id-u>')  .  (7-9) 


Again,  details  of  the  kinetic  theory  calculation  are  given  in  Sections 
7.5.2-7.5.4. 

7.5.2   Comparison  with  Free-Particle  and  Collisionless  Theories . 
Before  attempting  a  detailed  analysis  of  the  experimental  data  it  is 
instructive  to  consider  the  general  structure  of  the  kinetic  equation 
to  distinguish  various  physical  effects  and  determine  the  extent  to 
which  collisions  play  a  role  in  accounting  for  the  experimental  data. 
In  this  and  subsequent  sections  attention  will  be  restricted  to  a  sin- 
gle Q  value  (Q  =  0.58  X   ).   A  more  complete  analysis  of  the  data  of 
other  Q  values  and  higher  pressures  remains  to  be  done. 

We  recall  from  Chapter  3  that  the  general  form  of  the  exact 
kinetic  equation  is 

.*  *   -    ~       >■  (1) 
[-iu  +  lRlR  -  B  -  M(Q,(o)]  if>   =  S(Q)  f  (p)  (3-66) 

m  o 

where  M  is  the  collision  operator,  ^-  represents  the  free  streaming 

m 

of  non-interacting  particles,  and  B  is  the  mean  field  operator 


221 


-0.30  -0.20 


-0.10 


0.0 


0.10 


0.20  0.30 


U)   X  lO^SEC'1 


Figure  7-21.   The  convolution  of  S(Q,w)  as  calculated  from  kinetic  theory 

( )  with  the  spectrometer  resolution  function,  11  (uj) 

(_._._),   Here,  (-  — )  is  the  convoluted  function,  S  (Q,w), 
defined  in  equation  (7-9). 


222 


representing  the  average  mean  force  on  a  particle  due  to  correla- 
tions with  surrounding  particles.   We  distinguish  two  distinct 
forms  of  the  mean  field  operator, 

BU'(1)]  =  ^  pC(Q)  fQ(p)  f  dp'  $'(1)(p';Q,m)      (7-10) 

for  the  case  of  a  fluid  interacting  via  a  continuous  potential,  and 

B[<<>(1)]  =  ^  pfo(P)[C(Q)-pg(ro)C^S(Q)]  f  dp^(1)(p';Q,0j) 

(7-11) 

for  a  hard  core  fluid  (see  Section  3.3.3).   In  both  cases  the  operator 
is  entirely  determined  in  terms  of  equilibrium  data  and  dous  not  add 
to  the  type  of  information  already  contained  in  S(Q).   Therefore, 
ideally  we  would  like  the  effects  of  M  to  be  clearly  measurable  in 
S(Q,oj)  experiments  since  it  is  M  which  contains  the  genuine  dynamical 
information.   It  is  useful  then  to  understand  the  relative  contribu- 
tions of  -*-*-     g   ancj  m.   We  have  therefore  determined  £  (0,w)  for  two 
m  c 

cases:   (i)  free  particles,  i.e.  replacing  equation  (3-66)  by 

[-10)  +  ^]  J(1)  =  S(Q)  f  (p) 

m   r  o 

and  (ii)  neglecting  collisions,  i.e. 

[-lid  +  1^LE  -  B]  '^(1)  =  S(Q)  f  (p)  .       (7-12) 
m  o 

(The  presence  of  S(Q)  in  the  free  particle  equation  is  due  to  our 

choice  to  normalize  calculations  of  S(Q,co)  to  S(Q)).   Figure  7-22 

shows  the  calculation  of  S  (Q,io)  for  free-particles  (-"-•-),  a 

collisionless  fluid  of  hard  spheres  ( ),  and  a  collis ion  1  ess  fluid 

with  a  continuous  potential  ( )  for  xenon  at  0  =  0.58  A   and  for 

p  =  3.08  mole/liter.   The  hard  sphere  calculation  is  based  on 
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Figure  7-22.   Comparison  of  free-particle  ( )  and  collisionless 

theories  ( ,  hard  sphere;  — — ,  continuous)  with  ex- 
perimental data  (•)  for  §c(Q,w).   The  error  bars  are 
estimated  by  averaging  two  experimental  runs  at 
p  =  3.08  mole/liter. 
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equations  (7-11)  and  (7-12)  with  C(Q)  determined  from  the  i'ercus- 
Yevick  equation  for  hard  spheres  at  an  r   chosen  to  equate  the  hard 
sphere  S(0)  and  the  experimental  S(Q);  g(r  )  was  determined  by  the 
Carnahan-Starling  equation.   The  calculation  for  the  collisionless 
fluid  with  a  continuous  potential  for  xenon  is  based  on  equations 
(7-10)  and  (7-12)  with  C(Q)  determined  directly  from  the  experi- 
mental data,  i.e. , 


C(Q) 


S(Q)-1 
PS(Q) 


(3-67) 


All  calculations  are  normalized  to  the  experimental  S(Q). 
Three  observations  may  be  made  from  Figure  7-22: 

(1)  Neither  free-particles,  nor  collisionless  fluid  calculations 
can  account  for  the  experimental  data;  hence  collisional  effects  are 
being  observed, 

(2)  The  effect  of  the  mean  field  in  both  hard  sphere  and  con- 
tinuous potential  cases  broadens  S  (Q,w)  over  the  free  particle  re- 
sults, that  is,  they  tend  to  decrease  the  agreement  with  experiment, 
(at  this  Q-value) ,  and 

(3)  The  effect  of  the  mean  field  compared  to  free  particles  is 
relatively  small,  but  not  entirely  negligible. 


It  is  known  that  collisions  narrow  S  (0,io)  so  that  the  discrepancy 

c  ' 

between  free  particle  or  collisionless  kinetic  theories  and  experi- 
mental data  must  be  accounted  for  in  the  theory  through  the  operator 
M.   As  has  been  noted  in  Chapters  3  and  4,  no  adequate  study  of  M 
exists  for  a  moderately  dense  fluid  with  real  potentials.   However, 
as  discussed  in  Section  3.3.3  the  generalized  Enskog  models  are 
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able  to  represent  some  of  the  density  effects  at  the  price  of  intro- 
ducing model  potentials  with  a  hard  core.   Therefore,  in  the  next 
two  sections  we  study  the  possibility  of  representing  the  experi- 
mental data  with  such  model  hard  core  potentials. 

Before  leaving  the  collisionless  models,  one  further  calcula- 
tion is  of  interest.   The  experimental  temperature  was  303  K,  corre- 
sponding to  a  reduced  (Barker)  T*  =  kT/e  =  1.08.   For  such  a  low 
temperature  one  might  expect  the  data  to  be  sensitive  to  the 
attractive  part  of  the  intermolecular  potential.   To  test  this 
effect  relative  to  hard  spheres,  the  Sutherland  potential  was  con- 
sidered.  The  pair  potential  for  the  Sutherland  model  is  defined  to 
be 


r 


<J)(r) 


V 


r   6 
-£(— )   ,  r 


(7-13) 


Figure  7-23  shows  a  comparison  of  the  free  particle  (-•-•-),  the 

collisionless  Sutherland  fluid  ( ),  and  experiment.   (The  choice 

of  parameters  for  the  Sutherland  fluid  is  discussed  in  Section  7.5.4). 
The  main  conclusion  of  this  calculation  is  that,  although  the  colli- 
sionless Sutherland  fluid  is  still  inadequate  to  fit  the  data,  the 
mean  field  nevertheless  has  the  effect  of  narrowing  S  (Q,to)  and  tends 
to  decrease  the  disagreement  between  theory  and  experiment.   There  is 
therefore  a  qualitative  difference  between  the  mean  field  operator 
for  hard  spheres  and  that  for  attracting  spheres.   This  point  will  be 
elaborated  on  further  in  Section  7.5.4. 


226 


O 
UJ 
00 

to  ** 
O 

X 

o 

SCO 


0.80- 


oj  X  ioI3,sec" 


Figure  7-23.   Comparison  of  free-particle  ( )  and  Sutherland 

fluid  ( )  with  experiment  (•)• 
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7.5.3   Comparison  with  Generalized  Enskog  Hard  Sphere  Fluid. 
The  previous  figures  have  indicated  that  collisional  effects  are 
required  to  adequately  interpret  the  data.   These  collisional 
effects  may  be  calculated  with  a  realistic  potential  (e.g.,  Barker's 
potential)  for  dilute  xenon  gas,  but  no  adequate  theory  of  the 
collision  operator  for  such  potentials  exists  at  the  more  moderate 
densities  of  interest  here.   However,  as  noted  in  Section  3.3.3, 
more  detailed  analysis  is  possible  for  a  moderately  dense  fluid  of 
particles  interacting  via  a  hard  core.   In  this  section  we  consider 
a  system  of  hard  spheres  of  diameter  r   as  a  first  attempt  at  under- 
standing the  dynamical  structure  of  xenon.   The  hard  sphere  potential. 


f 


<Kr)  =  " 


is  certainly  not  very  realistic,  but  with  r   as  an  adjustable 
parameter  it  has  been  found  that  a  variety  of  equilibrium  and  trans- 
port data  of  real  fluids  can  be  partially  modeled  with  hard  spheres. 
A  study  similar  to  that  of  this  section  has  been  carried  out  by 
Furtado  et   al .  (91)  in  an  attempt  to  model  liquid  argon  with  the 
generalized  Enskog  kinetic  equation  for  hard  spheres.   They  found 
that  a  straightforward  evaluation  of  S(Q,u)  for  hard  spheres  was 
not  in  good  agreement  with  experiment;  a  similar  conclusion  is 
reached  here. 

The  hard  sphere  kinetic  equation  (equation  (3.74))  was  solved 
to  calculate  sCQ.to)  using  the  N=6  Gross-Jackson  kinetic  model  of 
Chapter  4.   (No  attempt  at  optimizing  this  model  or  extending  it  to 
larger  N  values  was  made  since  the  N=6  model  is  quite  accurate  at 
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the  measured  Q  values).   The  theory  requires  specification  of  S(Q), 

C(Q),  r  ,  and  g(r  ).   In  all  calculations  of  this  chapter,  S(Q,U)) 
x  '   o         o 

was  normalized  to  the  experimental  S(Q).   Aside  from  this  normaliza- 
tion, all  other  quantities  were  calculated  for  the  hard  sphere  fluid. 
Specifically,  C(Q)  was  determined  from  Percus-Yevick  theory  while 
g(r  )  was  determined  from  the  more  accurate  Carnahan-Starl ing  equa- 
tion.  We  do  not  consider  the  errors  made  in  these  determinations  as 
bearing  significantly  on  the  outcome  for  S(Q,oj).   The  value  of  the 
hard  sphere  diameter  was  treated  as  a  variable  parameter.   Figure 

7-24  compares  the  results  at  r   =  2.75  A  and  r   =  6.0  A  with  the 
1  o  o 

experimental  data.   The  value  r   =  2.75  A  was  chosen  because  at 
that  value  the  hard  sphere  S(Q)  (from  Percus-Yevick)  agrees  with 
the  experimental  S(CJ)  at  0  =  0.58  A   ;  the  value  r   =  6.0  A  was 
chosen  arbitrarily  to  show  the  trend  at  larger  r  .   Figure  7-23  in- 
dicates clearly  that  hard  spheres  are  not  an  adequate  model,  for  xenon 
at  the  state  conditions  studied. 

To  understand  this  failure,  several  points  may  be  observed. 
First,  the  result  of  increasing  the  collisional  effects  is  to 
narrow  the  line  and  move  the  theory  in  the  direction  of  the  experi- 
ment.  This  may  be  observed  in  Figure  7-24  by  noting  that  the 

r   =  6  A  result  is  narrower  than  the  r   =2.75  result  (recall  the 
o  o 

collision  frequency  increases  as  r   ) .   However,  although  r   has 
been  increased  by  more  than  a  factor  of  2,  the  narrowing  is  not  very 
great.   The  reason  for  this  may  be  seen  by  considering  the  mean 
field  term,  proportional  to  [C(Q)-g(r  )C  (Q)  ]  .   As  noted  in  the  last 
section,  the  effect  of  this  term  for  hard  spheres  is  to  broaden 
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Figure  7-24.   Calcualtion  of  S  (Q,oj)  using  Enskog's  theory  for  hard 

spheres.   Here,  ( )  is  for  r   =  2.7  5  A,  ( )  is  for 

r0  =  6.0  A,  and  (•)  denotes  experimental  data. 
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S(Q,w)  over  its  free  particle-value  (see  Figure  7-22).   As  r   is  in- 
creased the  influence  of  this  mean  field  term  increases,  so  that 
there  is  a  competition  between  the  collisional  narrowing  and  the 
broadening  of  the  mean  field.   Figure  7-24  shows  that  collisions 
ultimately  dominate,  but  their  effective  narrowing  is  considerably 

reduced.   This  competition  continues  for  larger  r   so  that  even  for 
1  o 

artificially  large  r   (which  would  be  difficult  to  justify  in  any 
case)  the  data  apparently  cannot  be  fit  with  a  hard  sphere  fluid. 

7.5.4   Comparison  with  a  Hard  Core  Fluid  with  Att ractive  Forces . 
In  the  previous  section  we  found  the  Enskog  theory  for  hard  spheres 
inadequate  to  represent  S.(Q,tu)  for  xenon  at  the  experimental  state 
conditions.   The  problem  may  be  traced  to  the  fact  that,  for  values 
of  r   needed  to  give  reasonable  fluid  structure  (i.e.  lo  tit  S(Q)) 
the  hard  sphere  collision  frequency  is  too  small  to  give  the  proper 
collisional  narrowing.   The  collision  frequency  may  be  increased  by 
increasing  r  ,  but  then  the  fluid  structure  is  so  poorly  represented 
that  C(Q)  and  the  corresponding  mean  field  term  give  unphysical 
broadening  and  again  the  data  cannot  be  fit.   An  alternative  to  in- 
creasing r   might  be  to  enhance  the  collision  frequency  by  increas- 
ing g(r  )  artificially  (recall  M   is  proportional  to  g(r  )).   Such 
a  procedure  was  carried  out  recently  by  Furtado  e_t_  al.  (91)  to 
successfully  fit  S(0,w)  for  dense  argon.   The  replacement  of  g(r  ) 
by  an  adjustable  parameter  is  similar  in  spirit  to  a  suggestion  of 
Enskog 's  (46)  in  an  attempt  to  extend  his  hard  sphere  theory  to 
real  potentials.   We  have  carried  out  a  similar  analysis  of  the 
xenon  data  and  find  that  the  data  can  indeed  be  fit  with  input 
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of  experimental  S(Q),  C(Q),  and  variation  of  r   and  g(r  ).   How- 

oo 

ever,  such  analysis  for  a  hard  sphere  fluid  is  so  ad  hoc  and  such 
a  departure  from  theory  that  it  is  difficult  to  interpret  or  come 
to  any  conclusions  once  the  data  has  been  fit.   We  therefore  will 
not  pursue  further  the  hard  sphere  fluid,  but  rather  conclude  that 
such  a  potential  model  is  too  crude  to  represent  xenon. 

In  light  of  the  above  comments,  we  must  look  for  a  mechanism 
which  can  account  for  a  greater  collision  frequency  than  that  for 
hard  spheres.   Some  suggestion  is  provided  by  the  calculations  for 
the  collisionless  Sutherland  model  of  section  7.5.2,  which  indi- 
cated a  definite  dependence  on  the  attractive  part  of  the  potential 
at  the  chosen  experimental  temperature.   This  had  the  effect  that 
the  mean  field  acted  in  concert  with  the  collisions  to  narrow 
S"  (Q,w),  as  opposed  to  partially  offsetting  the  collision.il  narrow- 
ing in  the  hard  sphere  case.   Furthermore,  g(r  )  will  be  enhanced 
by  the  attractive  well  with  a  corresponding  increase  of  the  colli- 
sion frequency.   For  these  reasons,  we  study  in  this  section  the 
generalized  Enskog  theory  for  attractive  hard  spheres.   To  recall 
the  definition  of  Section  3.3.3,  the  pair  potential  for  attractive 
spheres  is 


«>   ,   r  <  r 
♦  (D  4 

Uc(r),   r  >  rQ 


where  4>,(r)  is  an  arbitrary  continuous  attractive  potential.   For 
definiteness  the  discussion  here  will  be  limited  to  the  special 
case  of  the  Sutherland  potential,  equation  (7-13),  although  no 
special  importance  is  implied  by  this  choice.   The  main  point  here 
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is  to  identify  a  physical  property  of  the  real  fluid  which  must  be 
incorporated  in  the  theory  in  order  to  gain  agreement  with  the  data. 

The  generalized  Enskog  equation  for  attractive  spheres  (equa- 
tion (3-74))  differs  from  that  for  hard  spheres  only  in  the  replace- 
ment of  the  hard  sphere  C(Q)  and  g(r  )  by  the  corresponding  values 
for  the  attracting  sphere  fluid.   To  determine  these,  the  parameters 

r   and  ~   in  the  Sutherland  potential  must  be  chosen.   These  were 
o     k 

picked  to  give  a  good  representation  of  the  actual  g(r)  for  xenon. 
Since  there  is  a  great  deal  of  flexibility  here  (between  ciioice  of 
potential  model,  A  ,  and  parameters  r   and  — )  no  attempt  was  made 

f  I   c  >        r  Ok 

at  a  careful  calculation  of  g(r)  for  the  Sutherland  potential; 
rather,  it  was  simply  assumed  to  have  the  form, 


g  (r)  %  e 


>(r) 

kT 


(7-14) 


Figure  7-25  shows  a  comparison  of  g  (r)  for  r   =  r   =  minimum  of 
b  '  °s         o    m 

the  Barker  potential  (r  ^  4.3  8)  and  —  =  277  K,  and  g(r)  for 
r  m  k 

Barker's  potential  from  the  virial  expansion  (terms  up  to  and  in- 
cluding g9(r)).   Also  included  is  the  hard  sphere  (Percus-Yevick) 
result  for  the  same  r  .   Clearly,  the  Sutherland  potential  is  much 
better  able  to  model  the  region  of  the  peak  of  g(r)  than  can  the 
hard  sphere  model.   In  particular,  g  (r  )  is  considerably  greater 

than  g   (r  )  . 
hs   o 

To  calculate  &  (Q.oj)  for  the  Sutherland  model  we  also  need 
c 

C(0).   It  was  decided,  on  the  basis  of  the  fact  that  g(r)  could  be 
so  well  fit  by  g  (r) ,  that  we  could  use  the  experimentally  deter- 
mined C(Q)  (equation  (7-13))  without  significant  error.   Otherwise, 
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Figure  7-25.   Comparison  of  g(r)  as  predicted  from  Percus-Yevick  hard 
spheres  ( ,  rQ  =  6.0  A-1)  and  g(r)  from  the  Suther- 


:/k  =  277.5  K,  rn   = 


)  with  the 


land  potential  ( 

virial  calculation  ( )  of  g(r)  for  Barker's  pair  poten- 
tial assuming  pairwise  additivity  for  terms  up  to  and 
including  g2(r)  in  equation  (2-6). 
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8s('ro^  and  ro  Were  determined  from  equation  (7-14)  and  the  above 
mentioned  potential  parameters.   Figure  7-26  shows  the  comparison 

of  Sc(Q,to)  for  the  Sutherland  model  ( ),  the  hard  sphere  model. 

( ),  and  the  experimental  data  (•)•   The  agreement  between  ex- 
periment and  the  theory  for  attractive  spheres  is  quite  good,  while 
as  already  noted  there  is  poor  agreement  for  hard  spheres.   We  con- 
clude that  the  effect  of  the  attractive  part  of  the  xenon  potential 
is  significant  in  representing  the  collisional  narrowing. 

The  treatment  of  the  attractive  forces  given  here  is  quite 
superficial  and  is  intended  only  to  show  the  qualitative  difference 
the  inclusion  of  such  forces  makes.   In  particular,  no  significance 

is  attached  to  the  above  values  of  r   and  ~   used  to  fit  the  data. 

o     k 

This  pair  is  not  unique,  as  indicated  by  Figure  7-27,  which  shows 
a  plot  of  g(ro)  vs.  rQ  such  that  all  points  on  the  curve  represent 
potential  parameters  adequate  to  fit  the  data.   As  expected,  for 

smaller  rQ  the  corresponding  peak  height  must  be  increased  to  main- 

2 
tain  the  collision  frequency  (%  r    g(r  )). 

7.6   The  Isothermal  Pressure  Derivative  of  S(Q,ui) 

The  relationship  between  the  triplet  time  correlation  Lunction, 


oS(Q,co) 
3P 


G^(r,'o  ;r"  ,o;  r ,  t)  ,  and  the  isothermal  pressure  derivative, 
has  been  discussed  in  Section  3.4.   Here,  we  present  experimental 
measurements  of  1~~   for  low  density  xenon  gas.   Since  our  theoreti- 
cal understanding  of  S(Q,u>)  is  still  incomplete,  no  comparison  between 

the  experimental  data  for  gp"  and  the  kinetic  theory  analysis  of  the 

previous  section  will  be  made.   Rather,  we  present  the  experimental 
values  as  an  indication  of  the  degree  to  which  this  quantity  can 
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Figure  7-26.   The  structure  factor  '&c(Q,to)  as  calculated  from  the  Enskog 

kinetic  equation  ( ,  rQ  =  r  )  for  a  hard  core  fluid 

having  attractive  forces.   Also  included  is  the  Enskog 

calculation  for  hard  spheres  ( ,  rQ  =  rm) ,  and  the 

experimental  results  (•)• 
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Figure  7-27.   Behavior  of  g(rQ)  as  determined  by  fitting  the  attractive 
hard  core  &  (Q,io)  to  experiment. 
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be  probed  experimentally.   Measurements  of  *^  ^>^-)  for  tW(_,  Q_vaiues 

3P 

(e.g.,  Q  =  0.58  X   and  Q  =  1.10  A   )  are  presented.   Although  addi- 
tional data  on  the  isothermal  pressure  derivative  could  be  generated, 
the  two  Q-values  chosen  are  representative  of  the  behavior  exhibited 
by  ' "   and  the  extension  to  other  regions  of  Q-space  would  pro- 
vide no  additional  information  at  this  time. 

The  pressure  derivative  is  obtained  by  differencing  between 
two  pressures, 


p  -  p 
2   rl 


(7-15) 


3S(Q) 
Based  on  the  results  found  for  — gp,  the  differencing  of  S(Q,w)  was 

between  widely  spaced  pressures  (e.g.,  P   =  62.7  atm,  P   =  72.9  atm) . 

In  Figures  7-28  and  7-29,  the  reduced  pressure  derivative,  pkT  —  ^'"^ 

'  '       3P   ; 

0_i  i 

is  shown  as  a  function  of  w  at  fixed  Q-values  of  0.58  A    and  1.10  A 
respectively.   We  see  from  these  figures  that  there  is  a  great  deal  of 

structure  contained  in =—      .   However,  because  of  the  large  amount 

of  scatter  in  the  data,  these  results  are  only  qualitative. 

It  was  shown  in  Section  3.4  that  a  comparison  between  — -  „ 

3T 

,  3itnS(Q,w) 
and     — provides  information  on  the  collision  operator 

appearing  in  the  formal  kinetic  theory  for  S(Q,w).   In  particular, 

3£nS(Q,io)  _  3VnS(Q)  .      1       f  .        i0  *ql 
3P    =  ~^P~   +  pkTSTQ^)*   j  dxldx2  e 

x  P(2)(x1)x2;a)|^(1))  ,  (3-114) 


so  that  it  is  of  considerable  interest  to  determine  the  degree  tc 
3toS(Q,q)) 


which-  ■— - —    can  be  measured  experimentally.   Figures  7-30 
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Figure  7-28.   The  isothermal  pressure  derivative  of  S(Q,u>)  at  a  fixed 
Q  =  0.58  A"~l.   The  solid  line  is  drawn  as  a  visual  aid. 
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i  -I    oi  -ii        ,-u   I,  i        c  3£nS(Q,w)  . 

and  7-31  illustrate  the  behavior  of  -»± —  as  a  function  of  to  at 

fixed  Q  (Q  =  0.58  X~   and  Q  =  1.10  X~  ,  respectively).   This 

function  was  determined  experimentally  by 

3£nS(q,ui)   _     1      ;»S(Q,u)  (7-16) 


3P 


s(q,w;P)    or 


;here  S(Q,W;P)  is  given  by  equation  (7-17) 


S(Q,u;P) 


S(Q,w;P9)  +  S(Q,w;P  ) 


(7-17) 


Evaluating  — ■ rA-^-  in  this  way  results  in  a  ratio  which  eliminates 

any  random  error  in  a  given  detector,  thus  reducing  the  scatter  in 
the  data.   The  results  of  Figures  7-30  and  7-31  are  somewhat  smoother 

;js(o,w) 


than  the  corresponding  plots  of 


:jP 


(i.e.,  Figures  7-28  and  7-29, 


respectively),  although  the  observed  difference  is  not  significant. 

T,          ,  ,        c    3JLnS(Q,  a))  e        .      II-         iii. 
The  erratic  behavior  of *± —  for  large   w   is  presumably  due  to 

3p  fa       i     i  i  } 

the  uncertainty    in   S(Q,u>)    for   large    luil,    since 


lim   S(Q,w)    ->  o 


The  results  of  this  section  suggest  that  information  concerning 
G~,  and  the  collision  operator  appearing  in  the  linear  kinetic  theory 
for  the  time-dependent  correlation  functions  G~  and  G~,  can  be  ob- 
tained from  experimental  measurements  of ^r —  for  a  low  density 

gas.   The  stability  of  the  spectrometer  has  been  demonstrated  to  be 
poor,  so  that  the  uncertainty  in  the  data  is  rather  large.   However, 

the  structure  exhibited  by =; —  is  quite  clear,  and  further  exper- 

3P 

imental  analysis  of  this  quantity  should  prove  valuable  in  analyzing 
models  for  M(Q,aj)  and  G„. 
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Figure  7-30.   The  isothermal  pressure  derivative  of  lnS(Q,w)  at 
a  fixed  Q  =  0.58  A-1.   The  solid  line  is  drawn  as 

a  visual  aid,  and  ( )  denotes  the  quantity 

91nS(Q)/SP. 
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7.7   Concluding  Remarks 

In  this  section  the  results  of  the  comparison  between  theory 
and  experiment  are  summarized.   A  detailed  analysis  of  the  experi- 
mental results,  and  the  subsequent  extraction  of  information  con- 
cerning the  microscopic  behavior  of  the  fluid  (in  this  case,  dilute 
xenon  gas) ,  requires  precise  measurements  of  both  the  dynamic  and 
static  structure  factors.   Unfortunately,  the  uncertainty  in  the 
experimental  data  is  quite  large.   It  is  for  this  reason  that  no 

definite  conclusions  concerning  the  isothermal  pressure  deriva- 

9S(Q)      dS(Q,to) 
fives,  — -f—  and 

dP 


— ,  can  be  made.   However,  definite  trends 


in  the  experimental  data  for  S(Q)  and  S(Q,to)  are  observed  with 
changes  in  density,  indicating  the  applicability  of  neutron 
scattering  techniques  for  studying  the  structure  and  dynamical 
behavior  of  dilute  gases. 

Despite  the  scatter  in  the  data,  several  conclusions  con- 
cerning the  theories  for  S(Q)  and  S(Q,co)  have  been  established, 
and  are  summarized  below. 

7.7.1   Summary  of  the  Results  for  the  Static  Structure  Factor . 
In  Chapter  2  we  found  the  static  structure  factor  for  xenon  to  be 
relatively  insensitive  to  S2(Q)  and  S^(Q)  beyond  the  first  peak  in 
S(Q)  (Q  rv,  1.5  7a~  )  in  the  density  range 

3.08  mole/liter  <  p  <  7.60  mole/liter. 

This  observation  was  based  on  the  truncated  virial  equation 


;(Q)  =  1  +  pS1(Q)  +  p2S2(Q)  +  n3S3(Q)  , 


(7-4) 


244 

where  S-,  ,  So,  and  S3  were  calculated  assuming  pairwlse  additivity 
of  the  interatomic  potential,  and  Barker's  pair  potential  for  xenon. 
Including  three-body  effects  (e.g.,  the  Axilrod-Teller  dispersion 
model)  revealed  S7(Q)  to  be  sensitive  to  non-additive  three-body 
contributions  to  the  potential  energy  in  the  region  Q  ^  1.0  A 

The  comparison  of  equation  (7-4)  (assuming  pairwise  additivity 
and  the  Barker  pair  potential  for  xenon)  with  the  experimental 
measurements  of  S(Q)  for  low  density  xenon  tentatively  suggests 
that  Barker's  pair  potential  may  be  somewhat  erroneous.   However, 
the  addition  of  the  non-additive  three-body  contribution  (as 
modeled  by  the  Axilrod-Teller  dispersion  potential)  reduced  the 
discrepancy  between  theory  and  experiment,  particularly  a(_  the 
lower  densities.   In  view  of  these  results,  it  seems  likely  that 
a  combination  of  uncertainty  in  both  the  pair  and  three-body  po- 
tentials contributes  to  the  difference  between  the  theoretical  cal- 
culations and  experimental  measurements  of  S(Q).   Because  of  the 
uncertainty  in  the  data,  additional  measurements  on  S(Q)  in  the  low 
density  range  (perhaps  for  p  <  3  mole/liter)  are  necessary  to  dis- 
tinguish between  two-  and  three-body  contributions  to  the  inter- 
atomic potential.   Based  on  the  results  found  in  this  study,  three- 
body  effects  on  S(Q)  can  best  be  studied  in  the  region 

0.5  r1  <  o  <  1.0  r1 . 


7.7.2   Summary  of  the  Results  for  the  Dynamic  Structure  Factor. 
It  was  found  in  Section  7.5.2  that  neither  free-particles  nor 
collisionless  particles  can  adequately  represent  the  time-of-f light 
measurements  of  S(Q,uj),  where 
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%(Q,ta>)  =  b2   .  S(Q,u)  +  b2.    ,  So(Q,w)  ,       (6-30) 
'        coh  mcoh   s 

for  xenon  at  a  density  of  3.08  mole/liter  and  a  Q-value  of  0.58  A 
These  results  suggest  that  the  neutrons  are  sampling  S(Q,oj)  in  a 
(Q,lo)  region  sensitive  to  the  details  of  the  collision  dynamics.   An 
analysis  of  the  collisionless  models  for  hard  spheres  and  for  a  hard 
core  fluid  having  attractive  forces  revealed  a  qualitative  difference 
between  the  mean  field  operators  for  the  two  fluids.   In  particular, 
the  hard  sphere  mean  field  operator  broadened  (somewhat)  the  kinetic 
model  calculations  over  its  free-particle  value,  whereas  the  corre- 
sponding calculation  for  the  attractive  hard  core  fluid  results  in 
a  significant  narrowing  of  the  line  shape,  thereby  reducing  the  dis- 
crepancy between  theory  and  experiment. 

The  results  for  the  collisionless  and  free-particle  kinetic 
models  suggest  that  collisional  effects  are  necessary  to  adequately 
interpret  the  data.   It  was  found  that  increasing  the  collision 
frequency  (by  increasing  the  hard  sphere  diameter,  r  )  tended  to 
narrow  the  line  shape  over  its  free-particle  value  and  hence  provide 
better  agreement  between  theory  and  experiment.   However,  the 
Enskog  theory  for  hard  spheres  was  found  to  be  rather  insensitive 
to  changes  in  r   so  that,  even  for  artificially  large  hard  sphere 
diameters,  the  data  apparently  cannot  be  fit  assuming  a  hard  sphere 
fluid. 


Presumably  due  to  the  competition  between  the  collisional  narrowing 
and  the  broadening  effect  due  to  the  mean  field  operator. 
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The  only  difference  between  the  generalized  Enskog  equation 
for  attractive  spheres  and  that  for  hard  spheres  is  in  the  replace- 
ment of  the  hard  sphere  C(Q)  and  g(r  )  by  the  corresponding  values 
for  the  attracting  hard  sphere  fluid.   The  analysis  of  the  hard  core 
fluid  was  limited  to  the  special  case  of  the  Sutherland  potential; 

the  parameters  (r  ,  t/k)  in  the  Sutherland  potential  were  chosen  to 
o 

give  a  good  representation  of  the  actual  pair  correlation  function 
(as  calculated  for  Barker's  potential  from  the  virial  expansion 
for  terms  up  to  and  including  g„(r))  for  xenon.   Choosing  C(Q) 

the  experimental  value,  and  g(r  )  as  that  predicted  from  the  Suther- 

e/kT 
land  potential  (e.g.,  g(r  )  =  e    ),  the  agreement  between  experi- 
ment and  the  kinetic  theory  for  attractive  hard  spheres  was  quite 
good.   Based  on  these  results  we  conclude  that  the  effect  of  the 
attractive  part  of  the  xenon  potential  is  significant  in  repre- 
senting the  collisional  narrowing,  particularly  at  the  experi- 
mental temperature  (T*  =  kT/e  =1.08  for  the  Barker  pair  potential 
for  xenon)  studied.   It  would  be  useful  to  repeat  the  experiment  at 
a  much  higher  temperature  (say  T*  >  2).   Here,  the  fluid  structure 
and  dynamic  behavior  is  determined  by  the  repulsive  wall  of  the 
potential,  and  it  is  expected  that  Enskog ' s  hard  system  theory  would 
do  better  under  these  conditions.   There  remains  a  great  deal  more 
to  be  done  with  the  present  data  to  firm  up  these  conclusions.   For 
example,  a  thorough  analysis  of  the  Q  dependence  for  S(Q,ui)  has  not 
been  completed.   Additionally,  the  comparison  between  theory  and  ex- 
periment has  not  been  carried  out  at  higher  densities,  along  with  the 
determination  of  the  theoretical  pressure  derivatives. 


APPENDIX  A 

PROPERTIES  OF  THE  COMPLEX  SUSCEPTIBILITY 

In  this  appendix,  properties  of  the  complex  susceptibility, 
x(Q,to),  are  presented.   In  particular,  the  imaginary  part  of  this 
function,  denoted  x"(Q>w),  is  related  to  the  dynamic  structure  factor, 
S(0,u)  (equation  (3-7)),  and  the  sum  rule  expression  (equation  (3-9)) 
is  derived. 

A.l   Derivation  of  Equation  (3-7) 

The  first  step  is  to  relate  x(Q>w)  t0  x"(Q>0J)-   Write  A(Q,w)  as 


X(Q,u)  =  ~      J   dteia,t  <n_Q(0)  hQ(t)>0(t), 


(A-l) 


where  6(t)  is  the  Heaviside  step  function 
0   ,   t  <  0 


e(t)  =  { 


1   ,   t  >  0 


(A-2) 


and  may  be  represented  by 


i(t)    =    lim 


da)        e^ 

2  it  i      ui-ic 


(A-3) 


Substituting  equation  (A-3)  for  0(t)  into  equation  (A-l)  yields 

[  dz  Z(Q,z) 

X(Q,u)  =  -   lim     ^  z_u.ic  ' 
E-*  0+  J 


(A-4) 


where 


Z(0,z) 


2kT 


dte1Zt  <n_o(0)  nQ(t)> 


(A-5) 
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But, 


— Y—2  +  i  — \ — 2  '  (A-6) 

(z-oj)   +  e         (z-w)   +  l 


and,  from  the  definition  of  the  6-function, 


6(x)  E  -  lira    [  ~~      i    1   .  (A~7) 


11  e-  0+   *  x2  +  c2 


equation    (A-4)    becomes 


(Q,u>)    =    i    f     —     ^h^1     ~   Z(Q,u»)     .  (A-8) 


71  Z-U) 


If  we  write  x(Q,w)  explicitly  as 

xCQ.u)  =  x'(Q,u)  +  i  x"(Q,w)  ,  (A-9) 

and  identify  the  real  and  imaginary  parts  of  equation  (A-8),  we  see  that 

+00 

ckV      Jc!'(Q,<n')  (A- 10) 


ir  a)  -0) 


and 

+CO 

i<ot 


X"(Q,<o)    =  2^  dte  <n-Q(0)    "0(t)>    *  (A_11) 


The  time  derivative  in  equation  (A-ll)  may  be  eliminated  on  integrating 
by  parts  to  give 

+oo 

j?'(Q,«o)  =^  j   dteiwt  <n_Q(0)  nQ(t)>  .  (A-12) 

By  definition, 

G(r;t)  =  -  <n(3,0)n(r,t)>   ,  (A-13) 
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so  that 


S(Q,u) 


dte1W   <n_Q(°)  "q^)" 


(A-14) 


Comparison  of  equation  (A-14)  with  equation  (A-12)  then  yields  the 
desired  result: 


2kT 

S(Q,w)  =  —  X"(Q'W) 

pw   A 


(A-15) 


A. 2   Sum  Rule  Relations 


Define  the  moments,  M  (Q) ,  by 
n 

+00 

M  (Q)  =  f  ^Wn  x"(Q,u»). 


(A-16) 


A  rearrangement  of  equation  (A-15)  gives 


X"(Q.<*0    =  ^   [uS(Q,u)]    , 


(A- 17) 


so    that 


+00 


M  (Q)  =  SF 

n  kT 


da)        n+1      ,        . 
—     a)  S(Q,w) 

2tt 


(A-18) 


which  is  equation  (3-12)  in  the  text.   However. 

+00 

-,n  v    f  do»'  x"(Q,u)') 

x(Q.w)  =    — i 

7r    w  -co 


zi   I  d«!l  x"(Q,oi') 


(A-19) 


and  an  expansion  of  (1  -  — )    yields 
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x(Q,a>)  =  -I      (hn+1   M  (Q)  , 


n>0 


j)      n 


(A-20) 


which  is  Che  desired  result. 


APPENDIX  B 

(2) 
DETERMINATION  OF  Y    (x^.x^  t=o|  • )  and  B[«] 

In  this  appendix  equations  (3-58)  and  (3-64)  are  established. 
We  begin  by  writing 

^(1)(Xl;t)  =  U(xx;t)  y(x1)  ,  (B-l) 

,j/2)(x1,x2;t)  =  U(x1,x2;t)y(x2)  .        (B-2) 

Here,  y(x  )  =  6(r-q.)  for  the  special  case  of  the  density-density  time 
correlation  function, 

U(xi;t)    =i     J      NJdx2...dxNelLNt    fN[l+      I      Pn] 

and 

U(x     x;t)=^2      £      N(II-l)         dx    ...dx      e      "       f    [1+      £  P      ]     , 
x  p      N>3  J  i=2 

(B-3) 

where  f   is  defined  in  equation  (3-45)  and  the  permutation  operator, 

P..,  is  given  by  equation  (3-46).   To  identify  the  functional 

(2) 
4>    (x  ,x„;  t  =  o  |  •)  ,  we  consider  equations  (B-l)  and  (B-2)  at  t=o : 

(J,(1)(x1;t=o)  =  U(Xl;t=o)  yixj    ,  (B-4) 


,j;(2)(x1,x2;t=o)  =  U(X;L,x2;t=o)  y(xj_)  .         (B-5) 
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The  left  side  of  these  equations  may  be  evaluated  directly  from  the 
definitions,  equation  (3-27),  with  the  results 

ty    1)(x1;t=o)  =  fQ(x1)  y(x1)  +  p  J  dx2  fQ(x1)  tQ(x2)  h(ql2)  y(x2)  , 

(B-6) 
^(2)(xl,x2;t=o)  =  fQ(x1)  fQ(x2)  g(2)(~q12)  [y(Xl)  +  y(x,,)] 


(3) 


+  p    dx3  fo(xL)  fQ(x2)  fQ(x3)  [gV  /(qJ,q2,q3) 


g   (q12) J  y^xy  • 


(B-7) 


Here,  h(q  „)  Eg    (clio)  ~  1>  anc^  8    and  g    are,  respectively,  the 
two-  and  three-particle  equilibrium  correlation  functions.   Comparison 
of  equation  (B-4)  with  (B-6)  (and  (B-5)  with  (B-7))  identifies  the 
operators  U(x  ;t=o)  and  U(x  ,x  ;t=o): 


U(x1;t-o)  =  fo(xx)  [1  +  p    dx2  fQ(x2)  h(q12)  Pu] 


and 


(B-8) 


(2) 


U(xrx2;t=o)  =  fo(xx)  fQ(x2)  (gv^(ql2)  [1  +  P12] 

+  P  j  dx3  fQ(x3)  [g^Cq^q,,,^)  -  g(2)(q12)]P13}  .  (B-9) 

The  inverse  of  U(x  ;t  =  o),  denoted  U   (x  ;t=o),  is  readily  found  (using 
the  Orstein-Zernicke  equation  for  h(q   )  and  the  method  discussed  in 
Appendix  C) , 


U  1(x1;t=o)  =  [1  -  p  j  dx2  fQ(x2)  C(q12)P12]  f"1^)  ,   (B-10) 


or,  more  compactly, 
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U  1(x1;t  =  o)  =  [1  -  pA]  f'1^) 


(B-ll) 


where  the  operator  A  is  defined  by 


[  dx2  fQ(x2)  C(q12)  P12 


(B-12) 


Substitution  of  equations  (B-9)  and  (B-ll)  into 

f(2)(x1,x2;t=o|i(;(1)(t))  =  U(xrx2;t=o)  U_1(x  ;t=o)  (Jj  (1)  (x^  t)  (B-13) 

yields  equation  (3-58),  the  final  result  for  y    ~  (x.  ,x  •  t=oj  \\j        (t)). 
To  determine  the  operator  B[]U         ]    from  its  definition,  equation 
(3-34) ,  it  is  convenient  to  use  an  alternative  form  of  equation  (3-58)  , 

>/2)(x1,x2;t=o|l,/1)(t))  =  fQ(Xl)  fQ(x2)  gU)(q12)  ty(K:)  +y(x2)] 


(3) 


+  p  |  dx3  f0(xx)  fQ(x2)  f0(^3)  lg   (q1.q9>n3) 
-  g   (q12)l  y(-x?)  ' 


(B-14) 


which  is  simply  equation  (B-7)  with  y(x,)  considered  as  a  functional  of 

(1)   . 
]h  through 

y(x1)  =  U~  (x  ;t=o)  ijj   (x  ; t=o) 


=  [i  -  pA]  f/c^)  lj/1)(x1;t=o)  . 


(B-15) 


Using  equation  (B-14),  the  operator  Bfijj    ]  is  given  by 


t[i|/(1)]  =  p  f  dx2  012  f(2)(x1,x2;t=o|(p(1)(t)) 


254 


(2) 


p   dx2  6   f0^xi)  f0{'x^    g  "  (q\iJ    '-y(-xl')  +  y^x2^ 


+  p^    dx„  dx,  9.,,  £  (xn)  f  (xj  f  (x_) 
2    3   12   o   1    o2    o   3 


x  [g   (q-^q.,^)  -  g   (q12)l  y(x3) 


=  p  I  dx2[012  fQ(Xl)  s(2)(q12) 


(3) 


+  P    dx3  013  g    (ql,q2,q3)]  fQ(x2)  y(x2) 


.(D 


(2) 


B[^"y]  =  p   dx2  (~  •  71)  fQ(x1)  gv_/(ql2)  fQ(x2)  y(x2).  (B-16) 


This  last  equality  follows  from  the  second  equation  of  the  equilibrium 
BBGKY  hierarchy.   Finally,  introducing  equation  (B-15)  for  y(x2)  into 
equation  (B-16)  yields  the  desired  result,  equation  (3-64). 


APPENDIX  C 


DETERMINATION  OF  G    (r',0;r",0) 


From  the  definition 

G(?',0;r",0)  =  -   <n(r\0)n(?",0)>    ,  (C-l) 


P 
it  is  easy  to  show  that 


G(r' ,0;r",0)  =  S(r'-r")  +  ph(r'-r")  ,  (C-2) 

where  h(r'-r")  =    g    ("r'-r")  -  1.   To  find  the  function  G_   (r',0;r",0) 
begin  by  assuming  it  to  be  of  the  form 


G2  1(r',0;r",0)  =  6(r*'-r"")  -p  K(r"-?»)  ,  (C-3) 

wliere  the  variable  K(r"-r')  has  not  yet  been  identified. 
By  definition,  equation  (3-102)  must  be  satisfied: 


d?"[6(?'-"r")  +  ph(r '-?")][  <5  (r"-"r)   -  pK(r-r")]  =  6(r'-r),  (C-4) 


dr"  6(r'-r")6(r"-r)  +  p   dr"h(r *-r") 6(r"-r) 


? 


-p   dr"  K(r-r")6(r'-r")  -p        dr"h(r '-r")K(r-r")  =  fi(r'-r).  (C-5) 
Making  use  of  the  property  of  the  6-f unction, 
dx  f(x)6(x-a)  =  f(a), 

we  find  that  equation  (C-5)  reduces  to 

h(r'-r)  =  K(r'-r)  +  p|  dr"  h(r'-r")K(r-r").  (C-6) 
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Comparing  equation  (C-6)  with  the  Ornstein-Zernike  equation, 


h(r*-r)  =  C(r'-r)  +  p  Idr"  h(f'-r")C(r-r")  ,  (C-7) 


we  see  that 

G"1  (r\0;r",0)  =  5(r'-r")  -  PC(r"-r')  ,  (C-8) 

where  C(r"-r')  is  the  direct  correlation  function. 


APPENDIX  D 

DETAILS  OF  MODEL  CALCULATIONS  (SECTION  3.5) 

In  this  appendix  the  details  of  the  model  calculations  for 
Section  3.5  are  presented.   Specifically,  A(Q)  is  chosen  to  satisfy 
the  fourth  frequency  moment  of  S(Q,co),  and  T  (Q)  is  related  to 
S(Q,co=o),  as  suggested  by  Kugler  (40). 

D.  1 Expression  for  A(Q) 

To  develop  and  expression  for  A(Q) ,  we  begin  with  (see  equa- 
tions (3-107)  and  (3-112)) 

M(Q,U)  =  -  MQlxM  [1.P]  ,  (D_1} 

1-lCOT (Q) 

where  the  projection  operator  P  is  defined  by  equation  (3-109).   By 
expanding  the  collision  operator  in  to,  we  find 

M(Q,u))  =  Mio)(Q,aj)  +  (-)  M(1)(Q,co)  +  ...  ,        (D-2) 

CO 

or,  since  M(Q,io)  vanishes  in  the  limit  as  ojw  (48),  M  l  (Q,co)  =  0  and 
M(Q,to)  %  (-)  M(1)(Q,oj)  .  (D-3) 

CO 

The  large  to  limit  of  equation  (D-l)  , 

lim  M(Q,u))  =  -  (-i  A(Q))  [1-P]   , 
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identifies  M    (Q,cu)  : 


M(1)(Q,uj)  =  -i  A(Q)  [1-P]  .  (D-4) 


The  parameter  A(0)  is  determined  by  considering  the  frequency 
moments  of  the  complex  susceptibility,  ^(q,u) .      We  begin  by  expanding 
the  denominator  of  equation  (3-85): 

X(Q.w)  =  KQ.to)  [1  +  kT  C(Q)  I(Q,oO  +  ...]   .       (D-5) 

Next  we  note  that  expanding  I(Q,to)  as  co   yields 

n+1 

KQ.oO  =  -  }'  (-)    a  (Q)  ,  (D-6) 

u        CO      n 
n=o 

with  the  first  four  moments  of  I(Q,co)  given  below: 

a  (Q)  =  o 
o 

f  ft  +  2 

a.  (Q)  =  £r   dp  f  (P)  (^-p-) 
1      kT  j      o      m 

a2(Q)  =  o 

a,(Q)  =  £r[  |dp-fo(p)  (££) 

+  i  f  dp  f  (p)  (^  M(D  (H)]  .      (D-7) 


In  evaluating  the  moments,  a  (Q)  ,  equation  (D-3)  was  used  for  M(Q,co). 

Returning  to  equation  (D-5),  we  see  that,  to  lowest  order  in  (0   , 

,    2 
/(Q,co)    =  -    (-)      [ol(Q)] 

CO  1 

1 4 

-  CJJ       tctjCQ)    -   kT   C(Q)     o£(Q)] 

-  ...  .  (D-8) 
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A  comparison  of  equation  (D-8)  with  equation  (A-20)  then  relates 
A(Q)  to  M3(Q): 

M3(Q)  =^[|  dpfo(p)  (H' 

,  -►  ->         -t  -> 

+   A(0)    dp  f  (p)  C-1^)  [1-P]  $££)]  .     (D-9) 


Replacing  M^(Q)  with  equation  (3-13),  and  solving  for  A(Q) ,  results 
in  equation  (3-113) .   For  numerical  evaluation,  the  integral 
appearing  in  equation  (3-113)  was  placed  in  the  form 

d   r  g(r)    [1-cos   Q.?]    (Q-^)2   .|>(r) 

-   47T   f  dr   r   g(r)    {^(r)    [1   -  ^0ll] 

o 

-   f(Qr)    [^  "(r)    -   r   <j>"(r)]  ,  (D-10) 

where  ty'(r)    and  ^"(r)  denote  the  first  and  second  derivations  (with 
respect  to  r)  of  ty(v) ,  respectively,  and  f(x)  is  defined  as 

r,    .    1    sin  x  ,   2(sin  x  -  x  cos  x)  ,„,  ,  ,, 

f  (x)   =  — +   r .  (D-ll) 

3       X  3 

X 

D.2  Expression  for  t(Q) 

We  being  by  considering  the  relaxation  parameter,  r  (0)  ,  as 


determined  by  Kugler  (40): 


lim  ,<t)"(Q,a)), 


T  (o)  =  — -- -— -    .  (D-12) 

kw;   ♦0(Q)-*eo  (Q) 

Here,  <j>"(Q,U))  is  the  imaginary  part  of  0(0, (o),  the  difference, 
cji  (Q)  -f+'   (Q)  ,  is  given  by  (40) 
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4>o(Q)  ~  l)»  (Q)  =  "  W}  A(Q)  '  (D_13) 

and  <j>  (Q,oj)  is  related  to  I(Q,w)  through  equation  (D-14)  : 

I  -I 
<KQ,W)  =  -kT  C(Q)  +  ~—   .  (D-14) 

o 

The  integrals  I  and  I   are  defined  by  equations  (3-37)  and  (3-73), 

respectively,  and,  for  the  simple  single  relaxation  time  operator 

(equation  (3-107))  reduces  to 


KQ.oO  -  (w)   t    i  :  AF(Q>a))        1  CD  15) 


and 


I  (Q.oi)  =  (£r)  [1  +  iu  F  (Q,ca)]   ,  (D-16) 

o         ki  o 


where  F(Q,w)  and  F  (Q,w)  are  defined  below: 


F(Q,u>)     r    I    dp   f    (p)     [-iw+   i(^  +    A]    X  (D-17) 


F    (Q.oO     E    f  dp>  f    (p)     [-iu+    ^   ]    X      .  (D-18) 


It    is    a   simple  matter    to   show 


and 


so    that 


I0   -   I   -    iu>  (£)     [FQ   -  ^]  (D-19) 


11m  I    I      =    fy2      ,  (D-20) 

o  kT 


.  .       (m,u),    _    .  .       r      kT    C(Q)1 
lim    L J    =    lim    [-  J 


ur>o 

+    i    (— )    lim    [F      -  -~]       .  (D-21) 

p  0  1-  At 

oj->o 
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Since  we  are  concerned  with  ^"(Q,to),  we  need  only  consider 

lim    [4^1]    =    (J£)    lim    [F     -/-:].  (D-22) 

0)  p  o         1— A  !■ 

ur>-o  ar>o 

Equation  (D-22)  can  be  evaluated  by  writing 

Li   =  z  +  ie 

and  making  use  of  equations  (A-6)  and  (A-7) ,  with  the  result: 

lim  F  (Q,oj)  =  (V2  (n1-)  (D-23) 

o  2     Qv 

U)  'O  o 

lim  F(Q,u>)  =  X(Q,io=o)    dp  f  Q(p)  [  (-^P^  +\Z  (Q,u-o)  ]_1 

U)->0  ' 

(D-24) 

Substituting  equations  (D-23)  and  (D-24)  into  equation  (D-22),  and 
noting  that  (see  equation  (3-112)) 

A(Q,oj=o)  =  A(Q)  t(0)  ,  (D-25) 

relates  our  relaxation  parameter,  t(Q),  to  that  of  Kugler  (40): 

t(Q)    =   -p-   [1   -  ~~Kr     HfTl    T„(Q)    ,  (D-26) 

where 

„    _  A(Q)    t(Q) 


/2   Q 


and  +~  2 


(D-27) 


!iU>     E  %       |     dx  ~y= -^  d'    2«) 

X*"    +    z 


To  simplify  the  calculation  of  t(Q),  H(z)  is  expanded  in  z, 


1   1     1 
H(z)  =  -i  fi  -_i_+  ...  ]   , 

•tt  z   2z3 
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and  equation  (D-26)  becomes,  in  the  limit  of  large  z, 

tk(Q) 

t(q)  =  -^t^t    •  (D~29) 

2z 

Equation  (D-29)  is  the  expression  for  t(0)  used  in  the  calculations 

of  Section  3.5;  T  (Q)  is  evaluated  from  experimental  data  on 
K 

S(Q,oj=o)  for  liquid  argon  near  its  triple  point  in  reference  (40). 


APPENDIX  E 
THE  N  =  6  GROSS-JACKSON  KINETIC  MODEL 

In  this  Appendix  the  steps  leading  to  S(Q,io)  as  calculated  using 
the  N  =  6  kinetic  model  for  a  dilute,  hard  sphere  gas,  discussed  in 
Section  4.2,  are  presented. 

We  begin  by  noting  that  an  alternative  to  equation  (4-1)  for 

S(Q,u)  is 

S(Q,U)  -  2  Real  ( S(Q)  (1'*>         -    --  -)    • 

1  -  p[(Q)-g(ro)Co(Q)](l,i^Y)  +  X6(1,Y) 

(E-l) 

Here,  Y  satisfies  the  equation 

6  6 

Y(p)    =   R     1  +  R  V  J      u    Q   4>    (p)    (<K,Y)    ,  (E-2) 

oo  oo     '•„      /■„     ex  3     a  3 

a=z      3=2 

with 

R       =     [-iu)  +   ^  -      A(Q,W)]_1  (4-15) 

oo  mo 

and 

u       =     (i|i    ,   M  ijij    -  A,      6    fl.  (4-12) 

a3  a  3  °       a3 

The  calculation  of  S(Q,gj)  was  performed  for  the  following  set,      : 

{*2,*3.*4}  -  «V2  px>  t)h  V  <£>*  pz}  - 

*5  ~  ¥   [  2m  "  2 J   ' 

^6  -  W  pz  [~  ~  5]  ' 

and  the  eigenvalue  \      is  given  by 


A6  =  O2  (VZ'  M  PyPz} 


263 


264 


Equation  (4-13)  can  be  simplified  by  using  a  vector  notation,  yielding 


Y(P)  =  R   +  R    {U-Q  [I   «-  I.   +  M    I   +1,1,, 
v       oo     oo        um5   5y     uu   uy     umb   by  J 


+  *,  [Q2I,    I   +  I,  ,  I,   +  M    I,  ]  (E-3) 

5     5mu  uy    5m6   6y    55   5y 


+  4>,    [Q2  I,    I   +  I,  _  I-  +  u    I   ]}  , 

6      6mu  uy    6m5   5y    6b   6y 

where  the  following  notation  has  been  introduced  : 


u  =  {(l)h  P  ,  (V5  P  ,  (V5  p  }  , 

m    *x   m     y    m    z 


I   .  =    (U.MijO 
umj        j 


(E-4) 


I    =  (U,Y) 

uy 

X5y  ~    (*5^ 

Since  the  momentum  dependence  of  I   has  been  integrated  out,  all  the 

uy 

vectorial  properties  of  I    (and  I   .)  are  due  to  Q  only.   Hence,  use 

uy       umj 

has  been  made  of  the  following  property  in  arriving  at  equation  (E-3): 

I    =  I    Q   ,  (E-5) 

uy    uy 

which  then  implies 

I   =  3'1    ,  (£-6) 


uy 


<> 


2 


Recall  the  scalar  product  notation,  equation  (4-3). 
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In  equation  (E-3)  there  are  three  unknowns  (Ir  ,  I,.  ,  and  I   ), 

5y   by       uy 

requiring  three  independent  equations  for  solution.   These  three 
equations  are  obtained  by  (1)  multiplying  equation  (E-3)  by  \\i      and 
integrating  over  the  momentum,  (2)  multiplying  equation  (E-3)  by  ij», 
and  integrating  over  the  momentum,  and  (3)  multiplying  equation  (E-3) 
by  Q« U  and  integrating  over  the  momentum.   This  procedure  results  in 
the  following  set  of  three  linearly  independent  equations: 


I,  =  I  +  J,  I,  +  J91"   +  JJ,  ,  (E-7) 

5y    o    1L    22    35 


I6y  -  I6  +  JXI7  +  J2I5  +  J3I8  ,  (E-8) 


I   =  I„  +  J  I  +  J  I  +  J  I   ,  (e-9) 

uy     3     14     21     37 


J.  E  Q*-[I   .1,   +  u   I    +  I   ,1,  ]  ,  (E-10) 

1        um5  5y     uu  uy     urn 6  by 


J0  E  Q   I,   I    +  Ic  ,1,  +  (u.Ir    ,            (E-ll) 

2  <   5mu  uy    5m6  6y  l  55  5y 

J   =  Q2  I   I    +  I   I  +  u   I    .            (E-12) 

3  uy  6mu    6m5  5y  66  6y 


and 


Here,  the  following  integrals  have  been  introduced: 


I   =  tyc,    R   1) 
o     Y  5    oo 


-2 


h    =  ^    (L^'  Roo  V 
h    =  (^5>  Roo  *5> 


I,  =  q   (154,  R   1) 

3  oo 


I,  E  Q  2(U.Q,  R    u4) 


I5  =    (*5.  *00  *6> 
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I,  E  (i|i,,  R    1) 
6     r  6    oo 


I?  E  cf2tf.<$,  RQo  ,p6) 


I8=  (*6,  R0Q*6)   •  (E-13) 


The  integral,  (1,Y),  is  also  required 


with 


and 


1=1   +  J.I.  +  J.I   +  J.I,  ,  (E-14) 

y    oo    1  3    2  o    3  6 


1   =  (1,Y)  (E-15) 

y 


I   =  (1,  R   1)  .  (E-16) 

oo        oo 


Solution  of  equations  (E-7),  (E-8)  and  (E-9) ,  For  I   ,  I,  ,  and 

5y    6y 

I   ,  was  accomplished  using  Cramer's  Rule,  and  the  expression  for 
uy 

S(Q,co)  in  terms  of  the  above  integrals  is  readily  found  from  equation 
(4-1): 

««.<•>  ■  ^  ««i  i  -t.ip[cw ^hc-wTr-gr •'  • 

oo      uy  6  y 

(E-17) 

or,  in  dimensionless  form, 

/2 
R(x,y)    —  Qv   S(Q,w)  , 
ir    o 

with 

x  E  ^—  (4-15) 

/2  Qv 
o 

and 

-  ^nP 
y  =  Qr 


For  a  dilute  gas  of  hard  spheres,  the  static  correlations,  S(Q)  and 
C(Q),  may  be  expressed  in  terms  of  the  spherical  Bessel  function, 


w 
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S(Q)  -y    1  -  4tf  (5-  )  j,(x  ) 
x    1   o 
o 

p  C(0)  ->  -4-n  (-  )  j.(x  )  , 

X      1   0 


(E-18) 


with 


g(rQ)  +  1 

3 


x  n  Or   . 
o    '  o 


(E-19) 


Equation  (E-17)  reduces,  in  the  low  density  limit,  to 

1 
S(Q,a>)  ->  2S(Q)  Real  {  -^~) 

by 

The  integrals  I  ,  Ir  ,  I.   and  I   were  found  to  be: 
y   ->y   oy     uy 


(E-20) 


I      =1        +  Z      1     +  7      I     +Z      I      ,  (E-21) 

y  oo  10    3  11    o  126 

I        =    {I„(l-Zr)(l-Z.)   +  I   Z.Z-  +  I   Z    (1-Z   )    -   I   Z,Z ,}A~1,(E-22) 

uy         L    3  1  D  o    4    8  o/  5  3    2    4 

I        =    {I    (1-Z    ) (1-Z    )    +    (-  )    I.Z?Z      +    (-  )    LZ(l-Z) 
5yo  j  9  x  326  x  Si  J 


(-   )    1    Z,Zft}A    L, 
x  o   6   o 


I,     =    {(-  )    i  z  Z     +   (-  )    I  z ,Z,   +  I   z    (1-Z   ) 
by  x  o67  x„        3    3   4  o   4  9 


(E-23) 


(-  )    IXd-ZJlA   x    , 
x  3    6  1 


(E-24) 


with  A  and  the  Z-functions  defined  by: 
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A  =<i-z  )(i-z  )(i-z  )  -  (i  )z2zbz7  -  (i  )z3z4z8 

o  o 

(i  )Z3Z7(l-Z5)-Z2Z4(l-Z9)-(i  )Z6Z8(1-Z1)    ,  (E-25) 


Zn        =     (-     )       [I,       I  ,     +     I01J,.     +     Irlr      ft]       > 

1  x  1      um5  2 ' 55  5    5m6 


Z2   ^    (x~  >    Ul    ^6  +   Varf  +   r5^66]    • 


Z_  =  n[I,  y   +  I0I_   +  Irl'    ]  , 
3      1  uu     2  5mu     j  bmu 


Z.  =  (-  )  [1,1   ,  +  Iru,,  +   IQ^A]  , 
4    x     7  um5    5  55    3  66 


Zc    =    (-  )    [1,1      ,   +  I-Ic    ft  +   JolvJ    . 
5  x  7    um6  5    5m6  8    66 


Z,    =   n[I,iJ        +    I.I,        +    IQI,       ]     , 
6  7    uu  5    5mu  8    6rau 


Z,   =    (-  )    [I.I      ,  +   I_u„  +   1,1,    J    , 
7  x  4   um5  1    55  7    6m  j 


Z0  =  (-  )  [I.I   ,  +  1,1,  ,  +  I7Uftft]  . 
8    x     4  um6    1  5m6    7  66 


9  x  4  uu  1    5inu  7   6mu 


z,„  =  (- )  [i    _i-  +u  i    +i   Ar  : 

10    x     urn 5  5y    uu  uy     umb  6y 


Z11E     (x   }    [I5muIuy+I5m6I6y+lJ55I5y"- 


Z.„    =        (-     )        [I  I,  +     I,       clr  +MftftIft,J        •  ^E_26) 

12     x     uy  bmu     6m5  5y     66  by 


269 

The  integrals  I   ,  L  .....  I„  may  be  expressed  in  terms  of  the  plasma 
°  oo '   1'       8 

2 
dispersion  function'",  (Kz)  ,  defined  in  equation  (4-50): 

I       =  -i  4     *<*>    , 

00  2 

1     =  -i  4  IzU+z'Kz))   -  VH-O]    , 

0  J  2 

I,    =   /2   z   I 

1  o 

i2  =  -  4  [t $(x)  - z(i  +  zi:('o) 

+     Z(|+     22      [1    +     Z*(S)])]      , 

I3  =   -i[l  +   z*(z)]    , 


I4  -   /2   Z   I3    , 


I5  =   -i  ~   [(7-8z2+4z4)    (l+z*(z))   +   2/.2-lJ    , 


I6  =   -i  ~   [1  +    (2/.2-3)    (1+Z*(z))]    , 


*7  -4  »   *6    > 


Ig  =  -i  ^  z[2z2-3+(13-12z2+4z4)  (1+z'Kz))]  .      (E-27) 


The  matrix  elements,  (\b    ,  M  ilO  ,  have  been  calculated  by  Furtado  et   al. 

a     S  —  — 


(91)  and  are  given  below  for  completeness: 


2 
The  plasma  dispersion  function,  1>(z) ,  was  evaluated  numerically  using 

the  Harwell  subroutine  FC21A. 


u       =   -8/tt  g(r   )    [i  +  -~  j    (x  ■)]    "  A,    , 

uu  o        3         ,ioo  6 


dx 


VJc 


55     --3^8(*0>    [I"  Vxo>l    -X6    > 


^     g(r   )    [59  +  81  -~  1    (x  )]    -   A, 


66  15     b      o 

2/6 


dx 


2   Jov   o' 


Ir        =  ~ir     it  g(r   )    j,  (x   ) 
5rau  3  o        1     o 


I  =    I 

um5  5mu 


"um6 


lOrr        ,     .    rl   .      d     .    ,     N1 
-y-     g(rQ)    [3  +-2  VXo)]    ' 

dx 


TA  =     I        A     » 

omu  urao 


~5m6 


2/1 5  it        .      .         .      . 
-y-     g(r  )   J1(xo)    , 


6m5  5m6    ' 


A6^-16^     8(ro)    fe  +  TT^     3^))] 

dx  o 
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Use  of  the  results  in  equation  (E-17)  or  (E-20)  gives  S(Q,(jj)  for  our 
N=6  kinetic  model. 


APPENDIX  F 


THE  OPTIMIZED  KINETIC  MODEL  FOR  THE 
FOKKER-PLANCK  COLLISION  OPERATOR 


In  this  appendix  the  derivation  of  the  optimized  kinetic  model 
equation  for  A(Q,aO,  equation  (4-53),  is  given.   For  the  Fokker- 
Planck  collision  operator  (see  equation  (4-41)), 


(1,  R   M  R   )  =  y  [I.  -  0ml-]  ,  (F-l) 

oo   s   oo     ' o   1       2 


where 


and 


I1  =  I  dv  f  (v)  R   (v)  V   •  V   R   (v)  , 
I    I      o      oo      V     v   oo 


I,  =   dv  f  (v)  R   (v)  v  •  V   R   (v)  , 
■    '      o      oo  V   oo 


Rqo(v)  =  [-iw  +  iQ-v  -  A(Q,lo)] 


-1 


(F-2) 

(F-3) 

(F-4) 


Here,  use  will  be  made  of  the  recurrence  relation 


(1,  R  fN  1)  =  (A-)  ($r)  [(1,  R  N  2  1)  +  (laH-A)d,  R  ^'l   l) 

oo        N-l    Q         oo  oo 


(F-5) 


The  integral  I   is  readily  evaluated  by  integration  by  parts,. 


V=+o 


I1  =  f  (v)  R   (v)  A(v) 
1    o     oo 


dv  A(v)  -V   f  (v)  R   (v)  ,   (F-6) 

V   o      oo 


Note:   f  (v)  =  (-2— )3/2  e   2kT 
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where  A(v)  has  been  defined  as 


X(v)  5  V  R   (v)  .  (F-7) 

V   oo 


Since  the  surface  integral  vanishes,  I   reduces  to 


In  =  -    dv  t(v)     .  V  f  (v)  R   (v)  .  (Ft 

1  V   o      oo 


However , 


£  f  (v)  R   (v)  =  R   v   f  (v)  +  f  (v)  V  R   (v) 

V   O       OO         OO  VV   O         O       V   oo 


-ftm  f  (v)  R   (v)  v  +  f  (v)  y  R   (v)  ,  (F-9) 

1         o     oo         o     v   oo 


so  that  I   becomes 


r. 


1   =  gm  I2  -   dv  fQ(v)  (^  Roo(v))  .  (Vv  Roo(v))  ,     (F-10) 


where  the  definition  for  I„,  equation  (F-3)  ,  has  been  introduced, 
Then, 


(1,  R   M  R   )  =  -  v    dv  f  (v)  (V  R   (v))  •  (V  R   (v))  , 
oo   s   oo       'o       o      v   oo         v   oo 


(1,  R   M   R   )  =  v  Q2(l,  R  4  1)  .    (F-ll) 
00   S   00      'o         oo 

Successive  application  of  equation  (F-5)  yields  the  desired  result: 

Y       2 

(1,  R   M   R   )  =  T°   (-&)   [1  -  z1  +    (|  -  zZ)    z  $   (z)].  (F-12) 
oo   s   oo     J     0  2 

The  denominator  is  readily  evaluated  by  writing 


(1,  R   [1  -  P.]  R   1)  =  (1,  R   2  1)  -  (1,  R   D2  .       (F-13) 
oo      1   oo  oo  oo 
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Use  of  equation  (F-5)  yields 


(1,  R    1)  =  O  [1  +  z  *  (z) 


(F-14) 


and 


(1,  R   !)2  =  _  ^  iU}_ 
oo  (K    z 


(F-15) 


so  that 


(l,  R^ti-P^  R00  1)  =  (|z)  [l  +  z  *  (z)  +  |  *2(z)] 


(F-16) 


Substituting  equation  (F-12)  for  (1,  R   MR)  and  equation  (F-16) 

oo   s   oo 

for  (1,  R   [1-P-,]  R   1)  into  equation  (4-52)  yields  equation  (4-53) 

OO      L     00 

for  X(Q,o))  . 


APPENDIX  G 


THE  OPTIMIZED  KINETIC  MODEL  FOR  THE 
BOLTZMANN-LORENTZ  COLLISION  OPERATOR 


G.l  Evaluation  of  (1,  R   M  R   1) 

OO    S    00 


For  convenience,  the  expressions  for  R   and  M  are  written 
1  oo       s 


below: 


->    -v 

[-iw  + 

0^ 

oo 

m 

A  (0 ,  w) 


(C-l) 


Mq  b(p)  =   p  |  dp2  fo(px)  fQ(p2)  |  dfi 


Pl-P2 


x  [b(p]_)  -  b(pp]  , 


(G-2) 


and  the  integral  l(Q,u)  is  defined   as 


I(Q,U))  =  (1,  R   M  R   ) 

H'        '   oo   S   OO 


(G-3) 


Making  the  change  in  variables 


->    -> 


g  -  Vl  +  "2 


(G-4) 


leads  to  the  following  expression  for  I(Q,w): 


I(Q,w)  =  I-j^CQ.oj)  +  I2(Q,u) 


(G-5) 


Note:   Equation  (6-3)  is  not  to  be  confused  with  equation  (3-37) 


^74 
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with  „ 

r  2tr 

I1(Q,w)    =  -  |£      [   dG  e"G      f   dg    |g|    e~8      [   dbb    f   de    [— Cj]      . 


(G-6) 


and 

r  2tt 

I2(Q,U))  =  |?    I   dG  e~G   I  dg  |g|  e~8   J  dbb   de 


x  [^kT^]  tT^T^1 


(G-7) 


The  variable  z  is  defined  as 

z  =  -z  +   Q-g  (G-8) 

with 

Z  =  co  -  iA   .  (G-9) 


Begin  by  considering  I  (Q,oo).   The  integrations  over  b  and  £  can 

be  performed  immediately,  and  the  change  to  polar  coordinates  reduces 

1,(0,0))    to  „ 

2      r  2    r 


I,(Q,w)    =   -  ^-s°-  dg   g      e   6  d*  dx 

-         »    +i  »        J:    -1 

|  dG  G'  e"G2  |  d*G  j  dxG  fTTW-r     '  (G-10) 

Jo  J o  ' -I  G 


where 


Q «G   =   QG    cos 

(G-ll) 
Q-g   =   Qg   cos    6      , 


and  x.  =  cos  0.  for  i=g,G.   The  integrations  over  <J>  and  <b_  are 
l        x  e      G 


trivial,  and 

+1 


_f  ^^^   =  -  og  fFrV  -  rhc1  ■        <G-12> 
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so  that 


2  r  2  +1 

dg  g3  e~8     dx   I  dGG  e~G  '     ' 


I-^Q.w)  = 


Next,  note  that 
+  1 

dx  r-1-..!  =i_  gnr-2  +  QR  +  (fe 


z+QG    z-QG 


g  Lz+QGJ    n^ 


ln[- 


QG  -  QgJ 


-1 


and  integration  by  parts  yields 


(G-13) 


(G-14) 


dGG  e~G      £n[z  +  QG]  -  f   dG  ^ 


+QG   ' 


(G-15) 


so  that  I  (Q,oj)  takes  on  the  desired  form: 


4p  rf 


i-^q.w) 


Q  v. 


dg  g   e  b  dG  e 


where 


and 


r  1      1      1      1 
x  — —  + 


G-z     G+z     G-z     G+z 


:+Qg 


+    0 


0 


(G-16) 


(G-17) 


Further  rearrangement  of  I  (0,u)  is  possible,  but  equation  (G-16)  is 
best  suited  for  numerical  evaluation. 

The  reduction  of  I  (Q,co)  is  somewhat  more  involved.   Begin  by 
noting 


[^hR]   [^W<?]  =  (z'"z)   [^R  ~  ^Vg]     ' 


(G-18) 


and    hence 
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o  27T  2  2 

I2(Q,lo)    =  -^~      I    dbb    |   de    f   dg    |g|    e~8       f   dr!  e"G 

The  integration  over  G  is  done  in  the  same  manner  as  before,  with  the 

result  r  „ 

+°°  ?        o  2n  „ 

I2(Q,W)    -  4^      f  dG   e"G      f   dbb    (  dr    J  d^  e"*    [-^]    L^p]    , 

o       -^  J  0  -  0 

(G-20) 

where  the  variable  y  has  been  defined  as 

y  =   -z  +   QG  .  (G-21) 

Expanding  (y+Q*g")    in  terms  of  Legendre  polynomials, 


hr=  L\l\Cq-;'} 


y+Q  *     £=0 


(G-22) 


with 


-(2£+1)    0      £*)    ,  (G-23) 

Qg        lSL     Qg     ' 


leads  to  the  following  expression  for  I„(Q,to): 

co  2  2 

I2(Q.u»)    =^-       I      jdGe-G      j   dUe"8      [^] 
o      Jc=o    '  ' 

ro  2Tr 

An(g,G)    Pn(Q-g)     f   dbb    f   de   Pn(g-g')     -  (G-24) 


Use  has  been  made  of  the  addition  theorem: 


rv(q.g-)  =  p  (Q.g)  p£(g-g')  +  o(einlL)  ,       (g-25) 
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iir£ 
with  0(e   )  vanishing  for  £=o. 


From  Figure  G-l, 


g«g'  =  cos(180-28g)  ,  (0-26) 

•  a  b 

sin  t)g  =  — 


and  b2  ? 

cos  Og  =  (1  0) 


so  that  equation  (G-24)  for  I  (Q,ui)  becomes,  after  integrating  over  e, 

-foo 


2  2 

Io(Q,w)  =  J^~       I       I  dG  e"G   f  dgg  e"8 


(G-2i 


*  fy+O^  V8'G)  VQ'g)  j  dbb  ^^g-g')  • 

o 

But,  „ 

P0(g-g')  =  Pn(— n  ~  1)  .  (G-29) 


so  that,  making  the  change  of  variables 

-  n       2lA 

x  =  (1 ~) 


gives 

r„  2    +1 


dbb  P^Cg-g')  =  -4     dx  p  (x)  ,  (G-30) 


-1 
or,  from  the  orthogonality  condition  on  P  (x)  , 


dbb  P^Cg.g')  =  ~     5oi    ■  (G-31) 


Substituting  for  Q  (x) 
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b=rosin0g 


Figure  G-l.   Binary  collision  geometry. 
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A©  =^£n  (Ji9£)  ,  (G-32) 

0  Qg    20g    y  -  Qg 


and  substitution  of  equation  (G-32)  into  equation  (G-29)  gives  the 
final  result  for  I„(Q,ui): 

2     CO  oo 

2p  r   f     -r2  f      _  2   ?        ? 
Io(Q,u)  =  -^~^  dG  e      dgg  e  g   [Fn  (Q,o))  +  OQ.w)]  , 


■2XS'™'    ?       —        &6      L  1 
Q  v,  ■ 


with  G  +  z 


(G-33) 


F1(Q,lo)  =  £n  (G  -  -  )  , 


G  -  z 

+ 


and 


F2(Q,uj)  E  lu    i^^r^   >  . 


z+  =  z  +  g   , 


=  z  -  g   , 

oj-iA 
Q  v 

o 


(G-34) 


Note  the  absence  of  the  factor  of  v2    in  the  expression  for 
The  denominator, 


(1,  R    [1-P  ]  R    1)  , 

00       1     00 


is  the  same  as  for  the  Fokker-Planck  collision  operator  and  is  given 
by  equation  (F-16) . 


G.2  Large  Z  expansion  of  A(Q,cjj) 

Begin  by  considering  I  (Q,uj)  in  the  form 

°°         ~   4-°°      ~ 
2  9 

ij  E  -4  f  dgg2  a"*   j  dG  e~G   [^~  -  ^-]   .  (G-35) 
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A  direct  expansion  of  (G-z  )    and  (G-z  )    in  z  leads  to 


oo     i 


I±(Q,LS)    =    -  ~        I      (i)   [   dgg^  e  6   |  dG  e  "  (x^-x '  )  , 


where  x  and  x  are  defined  as 


(G-36) 


and 


x;  =  (c+g) 

x1  =  (G-g)1 


(G-37) 


Using    the    binomial    theorem,    it    is    easy    to    shot 


^    „J    nx~2 


Vx1   =2         J.    C)    gJ    C 


odd 


so  that  I  (0,0))  becomes 


(G-38) 


I-^Q.w)  = 


I     <&        I   O    I    I  «*  ^-^ 


i=l      j=l  J 

j  odd 

4-co 

t  2 

[    dG  e~G  G1"-1] 


e  "   g- 


(G-39) 


Note  that 


? 
-x   N 
dx  e     x 


(N-1,2)!  r- 
— — — /TT       N  even 

N+2 

—T- 

2 


(N-1,2)! 
N+l 

2 


N  odd 


(G-40) 


where  (N,2)!  =  N(N-2)  (N-4)  ...  1.   The  final  form  for  I  (0,0))  is: 


i+1   i 


I*(Q,u»  =-4^1   (-i— )      £    (b  (i  +  1, 2)!  (i-j-1,2) 
i=l  A   z      j=l    ] 


i  odd         j  odd 


(G-41) 
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The  analysis  of  I?(Q,uj)  proceeds  in  a  similar  fashion.   Begin 
with 

CO  +GO 

*       r      2  r    _r2    G+z_  2 

I2(Q,0))  =  2   dgg  e  g    dGeG   [£n  (-— )  ]  (G-42) 

and  expand  £n(x)  as 

G+Z-         n    C-l)k_1    1  k     k    k 

*n[— ]  =  J     -41    (I)   [x^]   .         (G-43) 
+    k=l 


Following  the  same  procedure  as  before  leads  to  the  desired  expression 
for  I  (Q,u>): 

co  co  i+£      i 

I2(Q,a»)   MA     I         I     (ir)    (4-)  I        (|) 

i=l      £=1        *        /2    z  i  =  l         ] 


.    n  )    °dd 

i+£=even 


£      (,)    (j+k,2)!    (i+£-i-k-l,2) 
k=l      K 


(G-44) 


The  first  few  terms  of  I  (Q,w)  and  I„(Q,u))  are 


I*(Q,u)  =  -4  A  (-)      -  14  vn  (-) 

1  z  z 


(G-45) 


2 

I*(Q,u))  =  4 A  (-)  +  ^  /F  C1) 
2  z     3      z 


1  4 
and  the  leading  term  in  the  donominator  is  (— )  ,  so  that 


lira   X(Q,lo)  +  -  t  A  pr  v   ,  (G-46) 

3      00 


which  is  the  Boltzmann-Lorentz  expression  for  the  self  diffusion 
coefficient : 


D      = 


1 


l(S 


pr 
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(G-47) 


APPENDIX  H 

DETAILED  DRAWINGS  OF  THE  HIGH  PRESSURE  XENON  SAMPLE  VESSEL 

This  appendix  contains  detailed  drawings  of  the  high  pressure 
xenon  sample  vessel  used  in  the  time-of -flight  experiment  discussed 
in  Chapters  5  and  6.   All  dimensions  given  are  in  inches. 
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SECTION       E-E 


Figure   H-l.      Front  view  of    sample   vessel. 
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TOP    VIEW 


Figure  H-2.      Top   view  of    sample   vessel. 
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Figure  H-4.   Top  view  of  end  cap. 
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^TOOL    steel     washer 


Figure  H-5.      Top   view  of    1/8    tool   steel  washer, 
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O-RING     SEAL 


1.625  H 


1.875    R 


275 


Mat'l    Teflon 
Tol.      .005 


Figure  H-6.   Top  view  of  Teflon  0-ring  seal. 
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APPENDIX  I 


SAMPLE  HOMOGENIZATION 


In  this  appendix  the  concept  of  sample  homogenization  is  dis- 
cussed.  It  was  assumed  in  the  calculations  of  Chapter  b  that  the 
sample  can  be  homogenized  by  determining  the  total  number  of  atoms 
present  in  the  total  sample  volume.   For  example,  the  vanadium 
sample  was  made  by  rolling  several  0.025  cm  thick  sheets  of  vanadium 
into  a  spiral  of  total  length  81.3  cm  and  diameter  6.0  cm.   The 
total  number  of  vanadium  atoms  in  the  sample  (beam  height:   3.5  cm) 
is  then 

N  =  p  x  v 

=  0.705  x  1023  ■at0?S  x  81.3  cm  x  3.5  cm 


x  0.025  cr 


=  5.01  x  10~3  atoms 


The  sample  is  then  homogenized,  i.e.,  we  assume  the  sample  to  be  a 
cylinder  with  a  volume 

v  =  IT  R2  H 

2 
=  ir  x  3.5  cm  x  (3.0  cm)" 

=  98.8  cm3   , 
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and  the  effective  number  density,  p    ,  becomes 


N 
Peff  =  v 


22         3 
=  0.51  x  10  "  atoms/cm 


The  effective  number  density  is  used  in  the  evaluation  of  the 
absorption  correction,  A(0,t).   Because  of  the  uncertainty  in  de- 
termining the  number  of  atoms  in  the  sample  which  actually  "see"  the 
neutron  beam,  a  more  reliable  technique  for  estimating  p      and 
thus  A(0,t),  is  by  fitting  the  experimental  transmissions  with  the 
theoretical  calculation  (equation  (6-14)),  as  shown  in  Figure  6-10. 
The  effective  number  density  for  xenon  is  summarized  in  Table  1-1, 
and  a  plot  of  p  ^.,  versus  the  xenon  number  density  appears  in 
Figure  1-1.   The  linear  relationship  is  expected,  since  the 
effective  number  density  is  found  from  the  relation 

p     =  K  p   +  K„p  .  ,  (1-1) 

ef f    1  xe    2  a£ 

where  K,  and  K„  are  constants.   We  note  that  the  p=o  limit  ( )  in 

Figure  1-1  yields  the  effective  number  density  for  the  sample  vessel, 
i.e., 

p  '       =   0.18  x  10   atoms/cc. 
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TABLE  1-1 


EFFECTIVE  XENON  NUMBER  DENSITIES. 
ALL  RUNS  AT  T  =  303  K. 


P,  atra 

-22 
p  x  10    ,  atoms/cc 

>'--       -  2  2 
p  rr   x  10    ,  atoms/cc 
err 

51.7 

0.184 

0.263 

57.1 

0.226 

0.283 

62.9 

0.279 

0.308 

66.5 

0.330 

0.331 

72.7 

0.4  50 

0.380 

"Determined  by  fitting  experimental  transmission  with  the  theoreti- 
cal calculation  (equation  (6-14))  as  shown  in  Figure  6-10. 
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Figure  1-1.   Xenon  effective  number  density,  Peff,  as  a  function  of  the 

xenon  number  density,  p.   The  extrapolation  ( )  to  p  =  0 

yields  PaJf.  the  aluminum  effective  number  density. 


APPENDIX  J 

DATA  TABLES 

In  this  appendix  the  experimental  measurement  of  the  static 

structure  factor,  S(Q),  and  the  dynamic  structure  factor,  S(Q,co), 

where 

S(Q,w)  =  b2  ,  S(Q,u>)  +  b2   .  S  (Q,u>)  ,         (6-30) 
coh  incon   s 

are  presented  in  tabular  form.   Here,  S(Q)  is  normalized  to  the  second 
node  (as  discussed  in  Section  7.2)  and  S(Q,u)  satisfies  equation  (7-8): 


+^ 


dw  3(Q,u>)  =  b2  ,  S  (Q)  +  b2   ,  ,        (7-8) 
coh   a       incoh 


where 

S  (0)  =  1  +  p*F(Q)  (7-7) 

a 

and  F(Q)  is  given  in  Table  7-2.   For  xenon, 


b^  u  =  0.237 
coh 


b2   .  =  0.110. 
inc.  oh 
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TABLE  J-l 


THE  STATIC  STRUCTURE  FACTOR,  S(Q) 
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q,  r1 

P=51.7   atm 

P=57.1   atm 

P=62.9   atm 

P=66.5   atm 

P=72.7   atm 

0.58 

0.90 

0.83 

0.86 

0.89 

0.79 

0.66 

0.83 

0.89 

0.86 

0.86 

0.82 

0.74 

0.86 

0.85 

0.90 

0.86 

0.84 

0.81 

0.87 

0.90 

0.90 

0.78 

0.86 

0.89 

0.85 

0.93 

0.87 

0.89 

0.76 

1.04 

0.93 

0.94 

0.98 

0.97 

0.99 

1.11 

0.96 

1.04 

0.98 

1.03 

0.96 

1.18 

0.97 

1.08 

1.03 

1.03 

1.05 

1.26 

0.98 

1.05 

1.16 

1.07 

1.02 

1.33 

1.04 

1.11 

1.00 

1.13 

1.11 

1.48 

1.07 

1.14 

1.14 

1.17 

1.26 

1.55 

1.24 

1.30 

1.18 

1.27 

1.26 

1.62 

1.14 

1.17 

1.20 

1.22 

1.27 

1.70 

1.04 

1.09 

1.06 

1.17 

1.24 

1.77 

1.08 

0.99 

1.01 

1.03 

1.11 

1.91 

1.06 

1.04 

0.96 

0.98 

1.13 

1.98 

1.04 

0.97 

0.97 

1.05 

1.01 

2.05 

1.00 

1.05 

0.96 

0.98 

0.91 

2.33 

1.00 

1.06 

0.97 

0.91 

0.96 

2.40 

0.99 

0.95 

1.00 

0.91 

1.03 

2.47 

0.92 

0.94 

0.86 

0.86 

0.88 

2.54 

0.99 

1.00 

0.98 

1.02 

0.97 

2.60 

0.94 

0.97 

0.93 

0.93 

0.90 

2.74 

0.97 

0.99 

0.98 

1.00 

0.93 

2.80 

0.94 

0.99 

1.02 

0.92 

0.92 

2.87 

0.99 

1.04 

0.94 

0.92 

0.91 

2.94 

1.03 

1.03 

0.91 

0.87 

0.95 
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